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Musielak-Orlicz BMO-Type Spaces Associated with 
Generalized Approximations to the Identity 
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\^ I Abstract Let A' be a space of homogenous type and (p : A" x [0, oo) — > [0, oo) a 

CNJ ' growth function such that ip{-,t) is a Muckenhoupt weight uniformly in t and ip{x, •) 

an OrHcz function of uniformly upper type 1 and lower type p € (0, 1]. In this article, 
I the authors introduce a new Musielak-Orlicz BMO-type space BMO'^{X) associated 

■ with the generalized approximation to the identity, give out its basic properties and 

establish its two equivalent characterizations, respectively, in terms of the spaces 
BMO^ max('^) ^^'^ BMO^(A'). Moreover, two variants of the John-Nirenberg in- 
equality on BMO^(A') are obtained. As an application, the authors further prove 
that the space BMO'y^(K"), associated with the Poisson semigroup of the Laplace 
operator A on M", coincides with the space BMO'^(M") introduced by L. D. Ky. 

^ ■ 1 Introduction 

I The classical BMO(M"') space (the space of functions with bounded mean oscillation), 

' originally introduced by John and Nirenberg [24], plays an important role in partial dif- 

. ferential equations and modern harmonic analysis (see, for example, [24, 18]). Recall that 

i a locally integrable function / on the n-dimensional Euclidean space is said to be in 

^ the space BMO(M"), if 



• 1-H ' 1 f 

II/IIbmo(iR") := sup -— / \f{x) - fsldx < 



oo, 



where the supremum is taken over all balls B C M" and fs ■= f^f{x)dx. It is 
well known that many operators such as Carderon-Zygmund singular integral operators 
are not bounded on the Lebesgue space L°°(M"), but they are bounded from L°°(M") 
to BMO(M") (see, for example, [20]). Therefore, the space BMO(M") is considered as a 
natural substitute for L°°(R"') when studying the boundedness of operators on function 
spaces. Moreover, BMO(M") plays a significant role in the interpolation theory of linear 
operators. Precisely, if a linear operator T is bounded from L'^(]R") to L^(M") for some 
q e [l,oo) and bounded from L°^(M") to BMO(M"), then T is also bounded from LP(M") 
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to i7(M") for all p e [q,oo) (see, for example, [20]). Furthermore, Fefferman and Stein 
[18] proved that BMO(R") is the dual space of the Hardy space 

Recently, Ky [28] introduced Musiclak-Orlicz BMO-type spaces BMO'^(IR"'), which gen- 
eralize the classical space BMO(M"'), the weighted BMO space BMOt^(M") (see, for exam- 
ple, [37, 38, 5]) and the Orlicz BMO-type spaces BMOp(R") (see, for example, [43, 23, 46]). 
Here, (p : M" x [0,oo) — t- [0,oo) is a growth function such that </'(•, t) is a Muckenhoupt 
weight uniformly in t, and ip{x, ■) is an Orlicz function of uniformly upper type 1 and lower 
type p G (0, 1] (see Subsection 2.1 below for the definitions of uniformly upper and lower 
types). 

Recall that the Musielak- Orlicz BMO-type space BMO'''(M"') is defined as the set of all 
locally integrable functions / on M" such that 



where the supremum is taken over all balls S C M", xb is the characteristic function of 
B and 



Notice that Nakai and Yabuta [40] proved that the class of pointwise multipliers for 
BMO(IR") is just the space of L°^(IR") n BMO'°e(M"), where BMO^°§(M") denotes the 
Musielak- Orlicz BMO-type space BMO'^(M") related to the growth function 



for aU a; G and t G [0,00). Furthermore, Ky [28] proved that BMO'^(M") is the dual 
space of the Musielak-Orlicz Hardy space i7'^(M"), which was also introduced in [28] and 
includes both the Orlicz-Hardy space H^{W^) in [43, 23] and the weighted Hardy space 
i?£(M") with p G (0,1] and uj G ^oo(IK") in [19, 44]. Here, Ag{W'), q G [l,oo], denotes 
the class of Muckenhoupt weights. Moreover, more interesting applications of these spaces 
were also presented in [1, 3, 34, 4, 28, 27, 29, 30, 31]. Notice that Musielak-Orlicz functions 
are the natural generalization of Orlicz functions which may vary in the spatial variable 
(see, for example, [13, 14, 28, 39]). The motivation to study function spaces of Musielak- 
Orlicz type is due to that they have wide applications to many branches of physics and 
mathematics (see, for example, [2, 3, 4, 13, 14, 28, 33, 47]). 

Moreover, Duong and Yan [17] introduced a new BMO-type function space on a space 
X of homogeneous type in the sense of Coifman and Weiss [9, 10], which is associated 
with a generalized approximation to the identity and generalizes the classical BMO spaces 
in another way. Precisely, let {^t}t>o be a class of integral operators, defined by kernels 
{at}t>o (which decay fast enough) in the sense that, for aWx e X and functions / satisfying 
some growth condition on X, 



Duong and Yan [17] first introduced the suitable function set such that, for all 

/ G M{X) and all t, s G (0, 00), Atf < 00 and As{Atf) < 00 almost everywhere. Then 





(p{x,t) := 



t 



ln(e + |x|) + ln(e + t) 
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the BMO-type space BMOa('^) is defined as the set of all / G M{X) such that 

II/IIbmOaW •= "Tm / - ^tBfix)\dli{x) < oo, 

Bex /^i-D j Jb 

where the supremum is taken over all balls B in X and ts '■= with tb being the ra- 
dius of the ball B and m a positive constant. Duong and Yan [17] gave out some basic 
properties of BMOyi(^) including a variant of the John-Nirenberg inequality and further 
proved that the space BMO^(M"), associated with the Poisson semigroup of the Laplace 
operator A on R", and BMO(R"') coincide with equivalent norms. Tang [45] introduced 
the Morrey-Campanato type spaces Lip^(Q;, A") associated with the generalized approx- 
imation to the identity {^t}t>o and established the John-Nirenberg inequality on these 
spaces. Furthermore, Deng, Duong and Yan [12] established a new characterization of the 
classical Morrey-Campanato space on by using an appropriate convolution to replace 
the minimizing polynomial of a function / in the Morrey-Campanato norm. Moreover, 
a similar characterization for the Morrey space on M" was also obtained by Duong, Xiao 
and Yan in [16]. Yang and Zhou [49] introduced some generalized approximations to the 
identity with optimal decay conditions in the sense that these conditions are sufficient and 
necessary for these generalized approximations to the identity to characterize BMO(A'), 
which was introduced by Long and Yang [36]. Furthermore, a new John-Nirenberg-type 
inequality associated with the generalized approximations to the identity on BMO(A') was 
also established in [49] . Recently, Bui and Duong [6] introduced the weighted BMO space 
BMOa(^,w) associated to the generalized approximations to the identity, {^t}t>05 and 
also obtained the John-Nirenberg inequality on these spaces. 

Let be a space of homogeneous type with degree {a^, no, A^o) (see Remark 2.5 below 
for its definition), where ao, no and A^o are as in (2.7), (2.3) and (2.5) below, respectively. 
Let if : X X [0,oo) — )■ [0,oo) be a growth function such that (p{-,t) is a Muckenhoupt 
weight uniformly in t, and /fix, •) is an Orlicz function of uniformly upper type 1 and 
lower type p G (0,1]. Motivated by [28, 17, 45], in this article, we first introduce the 
Musielak-Orlicz type space BMO'^{X) by a way similar to that used in [28], and then 
introduce the new MTisicIak-Orlicz BMO-type space BMO^(A'), via replacing the mean 
value fs (see (2.11)) in the definition of 'BMO^{X) by Atgf, motivated by Duong and 
Yan [17], which generalizes the space BMOa{X) associated with the generalized approx- 
imation to the identity {At}t>o in [17], the Morrey-Campanato type space Lip^(Q!, X) 
associated with {At}t>o in [45], and the weighted BMO space BMOa{X, uj) associated 
with {At}t>o in [6]. Then we give out some basic properties of BMO^(A') and establish 
its two equivalent characterizations, respectively, in terms of the spaces BMO^ max('^) 

and BMO^(Af). Moreover, two variants of the John-Nirenberg inequality are obtained on 
BMO^(A'), which generalize the John-Nirenberg inequalities established in [17, 45, 6]. As 
an application, we further prove that the space BMO^(]R"'), associated with the Poisson 
semigroup of the Laplace operator on M", and BMO'''(M"') coincide with equivalent norms, 
which means that the new Musielak-Orlicz BMO-type spaces BMO|^(M'*) also generalize 
BMO'^(M") introduced by Ky [28]. 

Precisely, this article is organized as follows. In Section 2, we first recall notions of 
spaces of homogenous type and growth functions ip considered in this article. We then 
give out several examples of growth functions as well as their basic properties. After 
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recalling the Musielak-Orlicz space L'^{X), we then introduce the Musielak-Orlicz BMO- 
type space HMO'^ (X) on the space X of homogeneous type and further give out some 
useful properties for L'^{X) (see Lemma 2.13 below) and BMO'^(Af) (see Proposition 2.14 
below), which are needed in establishing the equivalence between BMO'^(Af) and the new 
Musielak-Orlicz BMO-type space BMO^(A') introduced in the next section. 

In Section 3, we introduce the generalized approximation to the identity {At}t>o with 
kernels {at}f>o, which satisfy appropriate decay conditions related to the growth function 

(see (3.5) and (3.1) below), and the class M.{X) of functions in which functions have 
proper growth condition (see (3.2) below) and are suitable to {At}t>o (see Lemma 3.4 
below). Based on this, we introduce the new Musielak-Orlicz BMO-type space BMO^(A') 
associated with {At}t>o (see Definition 3.3 below). We prove that, if {^j}t>o satisfies 
that, for ah t G (0,oo), At{l) = 1 almost everywhere, then BMO^(Af) C BMO\{X) 
(see Proposition 3.5 below). We also give out some useful properties for BMO^(A') (see 
Propositions 3.7 and 3.9 below), including some size estimates for functions in BMO^(A'), 
which play an important role in the study for BMO|^(A'). Moreover, we also introduce the 

Musielak-Orlicz BMO-type spaces, BMO^^^^^(A') (see Definition 3.11) and BMO^(A') 
(see Definition 3.14), associated with {At}t>o, and further prove that, when {At}t>o sat- 
isfies an additional size condition (see (3.22) below), these spaces are equivalent with 
BMO^(A') (see Theorems 3.12 and 3.15 below). We point out that Theorems 3.12 and 
3.15 completely cover, respectively, [17, Proposition 2.10 and 2.12] by taking 

(1.1) ^{x,t) := t for all a; G and t G [0, oo), 
and Theorem 3.15 completely covers [45, Proposition 2.4] by taking 

(1.2) ip{x,t) := with j5 G (0,oo), for all x G A" and t G [0,oo) 

(see Remark 3.16 below). 

In Section 4, wc establish two variants of the John-Nirenberg inequality on BMO^(A:'). 
The first one (sec Theorem 4.2 below) is closer to the John-Nirenberg inequalities estab- 
lished in [17, 45]. We remark that Theorem 4.2 completely covers [17, Theorem 3.1] and 
[45, Theorem 3.1] by taking ip, respectively, as in (1.1) and (1.2) (see Remark 4.3 below). 
While the second one (sec Theorem 4.9 below) is closer to the John-Nirenberg inequalities 
on the weighted BMO-type spaces obtained in [38, 6, 32]. It is worth pointing out that 
Theorem 4.9(i) completely covers [17, Theorem 3.1] and [45, Theorem 3.1] by taking ip, 
respectively, as in (1.1) and (1.2), and [6, Theorem 3.6] by taking 

(1.3) ^{x,t) := uj{x)t, with uj G Ai{X), for all x G and t G [0, oo). 
Moreover, Theorem 4.9(ii) is new even when 

(1.4) (p{x, t) •— oj{x)t for al\x e X and t G [0, oo) with oj G Aoo{X) 

satisfying < 1 + 

where and denote the critical indices of the weight uj, which are defined by a way 
similar to that used in (2.9) and (2.10) below and denotes the conjugate index of 
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Vu, (see Remark 4.10 below). Furthermore, we study the relationship between these two 
John-Nirenbcrg inequalities in Remark 4.10(iii) below when if G Ai(X). 

For p G [1,00), we also introduce the Musielak-Orlicz BMO-type spaces BMO^'^(A') 

-" — " — ^ViP 

and BMOy^ {X) (see Definitions 4.5 and 4.11 below). As applications of these John- 
Nirenberg inequalities on BMO^(Af) obtained in Theorems 4.2 and 4.9, we further prove 

that, for any p G [l,oo), the spaces BMO^'^(A'), BMO^'^(A') and BMO'^{X) coincide 
with equivalent norms (see Theorems 4.6 and 4.12 below). We remark that Theorem 4.6 
completely covers [17, Theorem 3.4] and [45, Theorem 3.4] by taking ip, respectively, as in 
(1.1) and (1.2). Moreover, Theorem 4.12 is also new even when ip is as in (1.4). 

In Section 5, as applications of Theorems 4.6 and 4.12, the boundedness of the classi- 
cal Littlewood-Paley ^-function on L^(M") and the (^-Carleson measure characterization 
of BMO'^(M") obtained in [22] (see also Lemma 5.3 below), we prove that the space 
BMO^(M"), associated with the Poisson semigroup of the Laplace operator on M", and 
BMO'''(M"') coincide with equivalent norms (see Theorem 5.5 below), which completely 
covers [17, Theorem 2.14] by taking (p as in (1.1) (see Remark 5.6 below). By a similar 
way, we also prove that the space BMO^(R"^), associated with the heat semigroup of the 
Laplace operator on M", and BMO'^(M") coincide with equivalent norms (see Theorem 5.7 
below), which, together with Theorems 3.12, 3.15 and 5.5, implies that the spaces 

BMO^(M"), BMO;^(M"), BMO^ ^^(M"), BMO^(M"), BMO^(M"), 

BMO^ inax(^") '^^^^^ BMO^(M") coincide with equivalent norms (see Corollary 5.8 below). 
We point out that Theorems 5.5, 5.7 and Corollary 5.8 completely cover, respectively, [17, 
Theorems 2.14, 2.15 and Corollary 2.16] by taking (p as in (1.1). Moreover, Theorems 5.5 
and 5.7 and Corollary 5.8 are also new even when is as in (1.2). 

We remark that the key points of the above approach are to establish the basic prop- 
erties of BMO'^(A') and BMO^(A') (see Propositions 2.14, 3.7 and 3.9 below), and the 
John-Nirenberg inequalities on the space BMO^(Af) (see Theorems 4.2 and 4.9 below). 
To this end, we first give out some basic properties of growth functions ip (see Lemmas 
2.12 and 2.13 below). Moreover, the essential difl&culty to establish Proposition 3.7 comes 
from the inseparability of the space variable x and the time variable t appeared in the 
grown function (p{x,t). To overcome this difficulty, we first clarify, in (3.11) below, the 
relation between the degree (ao, no, A^o) of X, the uniformly lower type critical index i{p) 
(see (2.8) below), the uniformly Muckenhoupt weight critical index p{p) (see (2.9) be- 
low) and the uniformly reverse Holder critical index q{p) (see (2.10) below) of p, and the 
decay order M for the kernels {at}t>o of the generalized approximation to the identity 
{At}tyQ (see (3.1)). In the proof of Proposition 3.7, we also need to use dyadic cubes 
in X established by Christ [7] (see also Lemma 3.8 below) and borrow some ideas from 
Duong and Yan [17] to deal with the time parameter t appeared in {At}t>o- Using these 
properties of BMO^(Af), we establish two variants of the John-Nirenberg inequality on the 
space BMO^(A'). Precisely, we obtain the first John-Nirenberg inequality on BMO^(A'), 
in Theorem 4.2 below, by borrowing some ideas from the proof of [17, Theorem 3.1] and 
using some delicate estimates of the growth function p. Furthermore, following the ways 
in [38, Theorem 3] and [32, Theorem 1], we establish the second John-Nirenberg inequal- 
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ity on BMO^(A') in Theorem 4.9 below, via using the Whitney decomposition estabhshed 
in [9, Chapter III, Theorem 1.3] and some basic properties of i-p. Here we also borrow 
some ideas from the John-Nirenberg inequality on the Musielak-Orlicz Campanato spaces 
established by Liang and Yang [35] and choose the time variant t := ||X-B|li<J(;t;') 
to overcome some essential difficulties caused by the inseparability of the space variable x 
and the time variable t appeared in ^p{x^€). 

Finally wc make some conventions on notation. Throughout the article, we denote by 
C a •positive constant which is independent of the main parameters, but it may vary from 
line to line. The symbol A< B means that A < CB. li A< B and B < A, then we write 
A ^ B. The symbol \_s\ for s G M denotes the maximal integer not more than s. For any 
given normed spaces A and B with the corresponding norms || • ||_4 and || • the symbol 
A (Z 13 means that, for all f G A, then f G B and ^ ll/IU- Foi" any subset E of the 
space X of homogeneous type, we denote by the set X\E and by xe its characteristic 
function. We also set N := {1, 2, . . .} and Z+ := N U {0}. For any index q G [l,oo], we 
denote by g' its conjugate index, namely, l/q-\-l/q' = 1. Also, for any a £ (0, oo) and ball 
B := B{xb-,tb) := {x G : d{x,XB) < rs} with xb & X and rs G (0, oo), we denote by 
aB the ball B{xB,arB)- 



2 Spaces of homogeneous type, growth functions and 
Musielak-Orhcz BMO-type spaces 

In this section, we introduce the Musielak-Orlicz BMO-type spaces BMO'^(Af) on RD- 
spaces X. To this end, we first recall some notions on spaces of homogeneous type, 
RD-spaces and growth functions considered in this article. Then we state some properties 
of the growth functions. Finally, we give out a basic property for BMO'''(A'). 

2.1 Spaces of homogeneous type and growth functions 

We first recall the notion of spaces of homogeneous type in the sense of Coifman and 
Weiss [9, 10]. 

Definition 2.1. A function d : X x X ^ [0, oo) is called a quasi-metric, if it satisfies the 
following conditions: 

(i) d{x, y) = if and only if x = y; 
(ii) d{x, y) = d{y, x) for all x,y & X; 

(iii) there exists a constant Ci G [l,oo) such that, for all x,y,z e X, 

(2.1) d{x,y)<Ci[d{x,z)+diz,y)]. 

The quasi-metric d defines a topology for which the balls B{x, r) := {y E X : d{y, x) < 
r} for &\\ X e X and r G (0, oo) form a basis. However, when Ci G (l,oo), the balls need 
not be open (see, for example, [9]). 

Definition 2.2. A space of homogeneous type {X, d, fi) is a set X equipped with a quasi- 
metric d and a nonnegative Borel measure ji on X for which there exists a constant 
C2 G [1,00) such that, for all balls B{x,r), 

fi{B{x,2r)) < C2n{B{x,r)) < 00 (Doubling Property). 
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Remark 2.3. (i) The doubling property implies the following strong homogeneity prop- 
erty: there exist positive constants n and C such that, for all x e X, r e (0, oo) and 
AG [l,oo), 

(2.2) /x(-B(x, Ar)) < CX^n{B{x, r)). 
Let 

(2.3) no := inf{n G (0,oo) : n is as in (2.2)}. 

The parameter no is a measure of the "dimension" of X. Observe that uq G [0, oo) and 
(2.2) may not be true for no- 

(ii) There also exist a positive constant C and N G [0, oo) such that, for all x, y e X 
and r G (0, oo). 



(2.4) ^^{B{y,r))<C 



li{B{x,r)). 



Indeed, let n be as in (2.2). When N = n, (2.4) is deduced from the quasi-triangle 
inequality (2.1) of the quasi metric d and the strong homogeneity property (2.2). In the 
case of Euclidean spaces and Lie groups of polynomial growth, N = 0. 
Let 

(2.5) A^o := inf{iV G [0,oo) : iV is as in (2.4)}. 
Observe that Nq G [0, no] and (2.4) may not be true for Nq. 

Now we recall the notion of the RD-space introduced in [21] (see also [50] for more 
properties of RD-spaces) . 

Definition 2.4. The triple {X, d, /x) is called an RD-space, if there exist a constant a G 
(0, n] and C G [1, oo) such that, for all a; G r G (0, 2diam(A:')) and A G [1, 2diam(A:)/r), 

(2.6) C-U"/x(5(x, r)) < fi{B{x, Ar)) < CAX5(x, r)), 
where n is as in (2.2) and diam(A') := sup^, ^^g^:)^ d{x,y). 

Remark 2.5. Obviously, an RD-space is a space of homogeneous type. It is also known 
that a connected space of homogeneous type is an RD-space (see [50] ) . Let 

(2.7) ao := supjo; G [0,n] : a is as in (2.6)}. 

Obviously, for an RD-space X, qq G (0, no] and (2.6) may not be true for qq. If X is 
only known to be a space of homogenous type, then (2.6) may hold true only for a = 0, 
namely, ao = in this case. In what follows, the triple (ao; '^•0) -^o) is called the degree of 
the space of homogeneous type, X. 
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Throughout this article, we always assume that X is a, space of homogeneous type with 

degree {o:o,no,No). 

Next, wc recall that a function $ : [0, oo) — t- [0, oo) is called an Orlicz function if it 
is nondecreasing, <&(0) = 0, > for all t G (0, oo) and limt^^^{t) = oo (see, for 
example, [39, 42, 41]). We point out that, different from the classical definition of Orlicz 
functions, the Orlicz function in this article may not be convex. The function $ is said 
to be of upper type p (resp. lower type p) for some p G [0, oo) if there exists a positive 
constant C such that, for ah s G [l,oo) (resp. s G (0, 1)) and t G [0, oo), $(si) < Cs'P<^{t). 
If $ is of both upper type pi and lower type P2, then pi > p2 and $ is said to be of type 

(Pl, P2)- 

Let be a space of homogeneous type. For a given function (p : A" x [0, oo) — t- [0, oo) 
such that, for any x G Af, (p{x, ■) is an Orlicz function, ip is said to be of uniformly upper 
type p (resp. uniformly lower type p) for some p G [0, oo), if there exists a positive constant 
C such that, for all a; G -Y, f G [0, oo) and s G [1, oo) (resp. s G (0, 1)), 

ip{x,st) < Cs^ip{x,t). 

Moreover, ip is said to be of positive uniformly upper type (resp. uniformly lower type), if 
it is of uniformly upper type (resp. uniformly lower type) p for some p G (0, oo), and let 

(2.8) i{p) := sup{p G (0, oo) : 99 is of uniformly lower type p}. 

Observe that i{ip) may not be attainable, namely, (p may not be of uniformly lower type 

i{p) (see, for example, [47, 48]). 

Definition 2.6. Let X he a space of homogeneous type and (p : X x[0, 00) — > [0, 00). The 
function ip{-, t) is said to satisfy the uniformly Muckenhoupt condition for some p G [1, 00), 
denoted by G Ap{X), if, when p G (1, 00), 

Ap{ip):= sup sup — ^ / ip{x,t)dn{x)\^— [ [y:>{x,t)]~^ dfj,{x)\ < 00, 

t6(0,oo) Bex /^(-t> j Jb I Ai(-t^j JB } 

or, when p = 1, 

Ai{(p) := sup sup — -i— - / (p{x,t)dii{x) I ess sup [(p{y,t)]~-^ > < 00. 
te{0,oo) Bex li{^ ) J B [ y&B J 

Here the first supremums are taken over all t G (0, 00) and the second ones over all balls 
B (ZX. 

The function ip{-,t) is said to satisfy the uniformly reverse Holder condition for some 
q G (1, 00], denoted by G MM.q{X), if, when q G (1, 00), 

((^) : = sup sup [ [ip{x,t)]'^ dfi{x)\ (-7^/ ip{x,t)dfj,{x)\ < 00, 

tG{0,oo)BcX IfJ'KB) Jb J LM(-t>j7B J 

or, when q = 00, 



,{(p) := sup sup <( ess sup (^(y, t) I I — ^— / (p{x,t) dn{x)\ < 00. 
teio,oo)Bcx \ yeB I {IJ'{B)Jb ) 
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Here the first supremums are taken over all t G (0, oo) and the second ones over all balls 
BcX. 

We point out that, in Definition 2.6, when X := M", Ap(M"^) with p G [l,oo) was 
introduced by Ky [28] and, moreover, for any metric space X with doubling measure, the 
notions of Ap{X), with p G [1, oo), and ]REI|j(A'), with q G (1, oo], were introduced in [48]. 

Let Aoo('^) := ^pe[i,oo)^p{'^) ^^'^ the critical indices of (p be defined as follows: 

(2.9) p((^) :=inf{pG [l,oo) : ip E Ap{X)} 
and 

(2.10) r{(p) := sup {q G (1, oo] : (p e RMq{X)} . 

Observe that, if p{ip) G (l,oo), then if Ap((^-)(Af), and there exists (p Ai(Af) such that 
p{ip) = 1 (see, for example, [25]). Similarly, if r{ip) G (l,oo), then ip ^ ]REI^(^)(-%'), and 
there exists (p ^ MMoo{X) such that r{p) = oo (see, for example, [8]). 
Now we introduce the notion of growth functions. 

Definition 2.7. Let X he a, space of homogeneous type. The function (f : X x [0, oo) — >■ 

[0, oo) is called a growth function if the following hold true: 

(i) p is a Musielak- Orlicz function, namely, 

(i)i the function (p{x, •) : [0, oo) — t- [0, oo) is an Orlicz function for all x E X; 
(1)2 the function ip{-,t) is a measurable function for all t G [0, 00). 

(ii) ip G AooiX). 

(iii) The function ip is of uniformly upper type 1 and of uniformly lower type p G (0, 1]. 

Clearly, ip{x, t) := for all (x, t) G X x [0, 00) with p G (0, 1] and, more generally, 

p{x,t) := uj{x)^{t) for all {x,t) E X x [0, 00) with oj G ^oo(^) and <I> being an Orlicz 
function of upper type 1 and lower type p G (0, 1] are growth functions. Let a;o G X. 
Another typical and useful growth function is 



' ' ■ [\nie + d{x,xoW + Me + t)p 

for all x E X and t G [0, 00) with some s G (0, 1], ^5 G [0, a) and 7 G [0, 2s(l + In 2)], where 
a is as in (2.6). It is easy to show that (p G Ai{X), (p is of uniformly upper type s and 
i{ip) = s which is not attainable. We also point out that, when X := R", a similar example 
of such (p is given by Ky [28] via replacing d{x, xq) by \x\, where | • | denotes the Euclidean 
distance on R"; see, for example, [47, 48] for more examples of growth functions. 

2.2 Musielak-Orlicz BMO-type spaces BMO^(A') 

Let us first recall the Musielak-Orlicz-type space L'^{^X). Recall that X is always as- 
sumed to be a space of homogeneous type. 
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Definition 2.8. Let X he a, space of homogeneous type and (p a growth function as 

in Definition 2.7. The Musielak-Orlicz-type space L'^(X) is defined to be the space of ah 
measurable functions / such that ip{x, |/(a;)|) djiix) < oo endowed with the Luxembourg 
norm 

||/||i,(;,):=inf|AG(0,oo): j^^{x}-^^ d^x) < l| . 

Now we are ready to introduce Musielak-Orhcz BMO-type spaces BMO'^(A') as follows. 

Definition 2.9. Let X he a, space of homogeneous type and ip a growth function. A 
locally intcgrable function / on ^ is said to belong to the Musielak-Orlicz BMO-type 
space BMO'^(A'), if 

ll/llBMO^m := sup ^ / \f{x) - fsl dn{x) < oo, 

Bex ||Xb||l*'(a') Jb 

where the supremum is taken over all balls B c X and 
(2.11) /,:=_^y^/Wd^(.). 

Remark 2.10. (i) When is as in (1.1), then ||xBlU¥>(;f) = m(-B) and hence BMO'^(;f) 

is just the space BMO(A') on the space of homogeneous type, X, introduced by Long 
and Yang [36]. BMO'^(M") was introduced by Ky (see [28]). When X := W and (f is 
as in (1.1), then ||xi3||L^(R«) = l-Bj and hence BMO'^(M") is just the classical BMO(R'*) 
space introduced by John and Nirenberg [24]; when X := R" and is as in (1.4) without 
the restriction p^ < 1 + 1/r^, then IIX-bIIl'^(A') = ^{B) and hence BMO'^(M"') is just 
the weighted BMO space BMOa;(M"), which was first introduced by Muckenhoupt and 
Wheeden [37, 38]. 

(ii) Another typical example of the space BMO'^(R") is BMO'°s(M"), which is related 
to the growth function ip{x,t) = in(e+ | 3; | )+in(e+t) ' G M" and t G [0, oo). Notice that the 
class of pointwise multipliers for BMO(M"), characterized by Nakai and Yabuta [40], is 
just the space L°°(IR")nBMO'°e(M") (sec [28] for more details). 

To give out a basic property of BMO'^(^), we need the following lemmas concerning 
growth functions. 

Lemma 2.11. Let X be a space of homogeneous type and ip as in Definition 2.7. 
(i) It holds true that ip{x, pffjf^) di^{x) = 1 for all f G L'fi{X) \ {0}. 
(ii) Let c be a positive constant. Then there exists a positive constant C, depending on 
c, such that, if J-^(p{x, ^^^)d/x(a;) < c for some A G (0, oo), then \\f\\L'p{x) ^ CX. 

Lemma 2.11 when X := is just [28, Lemmas 4.2(i) and 4.3(i)] and, moreover, its 
proof is also similar to those proofs in [28], the details being omitted. 

Lemma 2.12. Let X be a space of homogeneous type and (p as in Definition 2.7. 

(i) If <p £ Ap(X) with p G [l,oo), then there exists a positive constant C such that, for 
all balls Bi,B2CX with Bi C B2 and t G [0, 00), < C[j[|^]*'. 

(ii) If ip £ MM.q{X) with q G (l,oo], then there exists a positive constant C such that, 

for all balls Si, ^2 C X with Bi C B2 and t G [0, 00), > C 



KB2) 1 
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The proof of Lemma 2.12 is similar to that of the corresponding conclusions in R" (see, 
for example, [19, 20]), the details being omitted. 

Lemma 2.13. Let X be a space of homogeneous type and cp as in Definition 2.7 with 

uniformly lower type p € (0,1]- Assume that (p G Kp^[X) with pi G [l,oo), and ip G 
R]BIq(A') with q G (l,oo]. Then there exists a positive constant C such that, for all halls 
Bi, B2<ZX with Bi C B2, 



(2.12) 

and 
(2.13) 



\xb2\\l^{x) < C 



\XBi\\lv{X) < C 



KB2_ 



-. EL 



M(^2) 



\XBi\\lv{X) 



\XB2 



Proof. We first prove (2.12). By the uniformly lower type p property of (p, Lemmas 2.11(i) 
and 2.12(i), we know that 



ip X, 



B2 



< 



[^l{B2)/^i{Bl)]p^/p\\xBAL^(x) 

1 



HB2)/i^{B,)] 



-pi 



B2 



ip X, 



\XbAlv{x) 




1, 



XbAl'p{x). 



which, together with Lemma 2.11(ii), implies that (2.12) holds true. 

By using the uniformly upper type 1 property of (p and Lemma 2.12(ii), we conclude 
that (2.13) holds true by a way similar to the above proof of (2.12), the details being 
omitted, which completes the proof of Lemma 2.13. □ 

Proposition 2.14. Let X he a space of homogeneous type with degree [ao^nQ^No), where 
ao; no and Nq are as in (2.7), (2.3) and (2.5), respectively. Let n G (no, 00), a G (0,ao) 
and a = when ao = 0. Assume that ip> is as in Definition 2.7 with (p G Ap^{X) and ip 
of uniformly lower type p, where pi G [1, 00) and p G (0, 1]. Then there exists a positive 
constant C such that, for all f G BMO'^(A'), halls B C X and K G (l,oo), 



\fB-fKB\<CK. 

where fs is as in (2.11) and fxB defined similarly. 



BMO'^(A')! 



Proof Let K e{l,oo). Then there exists m G N such that e"^ < K < e"*+^ If diam(A:') = 
00, by (2.6) and (2.12), we see that 

(2.14) \fB - fKB\ < \fB - feB\ + \feB - fe^s] + " " " + l/e-S - 
'IXeB||L¥'(Ar) 1 



< 



WXe'^sWLy'ix) 1 



fiieB) 



/ \f{x) - feB\dn{x) 
JeB 

/ \f{x) - fe^B\dlJ-{x) 



\Xe'^B\\L'e{X) J e- 
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+ ••• + 



\Xku\\l'^{.x} 
fi{e"^B) \\xkb\\l'p{x) 



\ / \f{x) - fKB\dfi{x) 

\\LV(X) JkB 



< 



e p + e p + ■ ■ ■ + e ^ p ' 



\XB\\Lf{X) 



( "PI 

"PI e p 
<{e p + 



BMO'^(A')) 



- 1 



)IIxbIIl'/'(a') 



BMO'^(A^) 



which is desired. 

Now we consider the case that diam(A') < oo. Let B := B{xb, vb)- Assume that there 
exists mo G Z+ with mo < m such that ie^'^rs < diam(-Y) < 2e'^°'^^rB; otherwise, we 
obtain the desired conclusion by repeating the procedure same as in (2.14). In the case 
that mo < m, it is easy to see that fJ,{X) ~ /i(e™°+^i?). From this, (2.6) and (2.12), it 
follows that 

(2.15) IJb - JkbI < Ifs - fesl H + |/e'"OB - /e^^o+isl 

+ l/e'"0+iB — /e'"0+2s| H + \fe"^B - IkbI 



< 



IXc'^o+^bWlv^X) 



I / \fix) - feB\dfl{x) + 

IIL'^(A') JeB 



1 / 



ll{e'^^B) WXe^o+^BWhfiX) Je'^o+^B 

\Xe"'0+'2B\\L'P{X) 1 



\f{x) - f^mo+iB\dl^{x) 



^(e'^o+lS) \\Xe"'0+^B\\L'P{X) 7e"'0+2B 



Je^o+'^B 



+ ••• + 



\Xkb\\lv{x) 



//(e™5) \\xkb\\l'p{x) 



\ / \f{x)- fKB\dii{x) 

\\Lv(X) JKB 



< 



e p + ■ ■ ■ + e p ' + e ^ p 



mo(- 



+ ••• +e 



"PI e p 

< J P p -I 

~ I "PI 

I e p ' 



BMO'^'lX) 



- 1 



fiiB) 

moi^-a) _ + (m - mo)e"^°('^-") 



— /I(^) — II-' IIbmo'^(a') -f^ " — -j^^^ — \\J \\bmo-^{x), 
which, together with (2.14), completes the proof of Proposition 2.14. 



□ 



3 Musielak-Orlicz BMO-type spaces BM05(A:') associated 
with generalized approximations to the identity 

In this section, we first introduce Musielak-Orlicz BMO-type spaces BMO^(A') asso- 
ciated with generalized approximations to the identity, {At}t>o, and then give out their 
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basic properties and two equivalent characterizations in terms of the space BMO^ max('^) 
(see Definition 3.11 below) and the space BMO^(A') (see Definition 3.14 below). 

3.1 Definition of BMO^(A') 

Let X he a space of homogeneous type with degree {ao,nQ, Nq), where i^o Nq 
are as in (2.7), (2.3) and (2.5), respectively. Let xq G X, 

(3.1) M >no[l+p{ip)/i{<p)]-ao, 

where no, p{^), ii^) and ao are, respectively, as in (2.3), (2.9), (2.8) and (2.7), and (3 G 
(0, M — no[l + p{v)/i{^)] + "o)- A function / G Ll^^{X) is said to be of type (xo,/3), if 
there exists a positive constant C such that 

M / '^if d^ix)<C. 

•^^ [1 + d{xo, x)] ^-"°+^/i(i3(xo, 1 + d{xo, x))) 

Moreover, denote by ■M{xo,i3)i'^) collection of all function of type (xo,/3). The norm 
of / in 7W(2,Q^^)(A') is defined by 

:= mf{C G (0,oo) : (3.2) holds true}. 

For a fixed Xq G -Y, it is easy to see that M.(^xo,p){'^) is a Banach space under the norm 
II ■ ll>!(.o./3)('^)" Mo^eov^'^' it is easy to show that, for any xi G X, M(x-,^i3){X) = M(^xo,p){^) 
with equivalent norms. Let 

(3.3) M{X) := [j U M(.o,/3)('^), 

xoeX 0</3<M-no-iVo} 

where no, Nq and M are as in (2.3), (2.5) and (3.1), respectively. 

To give the definition of the space BMO|^(A'), we also need to recall the notion of the 
generalized approximation to the identity, {At}t>o- In this article, we always assume that, 
for any t G (0, oo), the operator At is defined by the kernel at in the sense that 



Atf{x):= at{x,y)f{y)dn{y) 
Jx 



for all f G M{X) and x £ X. 

We further assume that, for any t G (0, oo), the kernel at satisfies that, for all x, y E X, 
\at{x,y)\ < ht{x,y), where ht{x,y) is given by setting, for all x,y E X, 



[d{x,y)y 



in which m is a positive constant and g a positive, bounded, decreasing function satisfying 
that 

(3.5) lim r^gir"") = 0, 

r— >-oo 
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where M is as in (3.1). 

It is easy to prove that there exists a positive constant C such that, for all x e X and 
t e (0,oo), 

C-^< I ht{x,y)dji{y)<C and C'^ < [ ht{y , x) dji{y) < C 
Jx Jx 

(see also [15]). 

Then we have the following technical lemma. 

Lemma 3.1. Let X be a space of homogeneous type with degree (aQ.no, Nq) , where ao, 
riQ and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that (p is as in Definition 
2.7 and {At}t>o « generalized approximation to the identity satisfying (3.4) and (3.5). 

(i) Iffe BMO^{X), then f eM{X). 

(ii) For any t G (0, oo) and f G M{X), it holds true that \Atf{x)\ < oo for almost 
every x £ X. 

(iii) For any t,s G (0, oo) and f G M{X), it holds true that \At{Asf){x)\ < oo for 
almost every x E X. 

Moreover, if, for almost every x,y E X, 

(3.6) at+six,y)= at{x, z)as{z,y) diJ,{z), 

Jx 

then, for any f G M{X), At+sf = At{Asf) almost everywhere. 

Proof. Let / G BMO'^{X). For any xq G A:", fix a ball B := B{xo,l) centered at xq and 
of radius 1. Let /3 be as in (3.2). By the definitions of no, ao, p{^) and i{ip), respectively, 
as in (2.3), (2.7), (2.9) and (2.8), we know that there exist n G [rao,oo), a G [0, ao], 
Pi £ [pif):'^) p G {0,i{(p)] such that X satisfies (2.2) and (2.6), respectively, for n 
and a, (f & Ap^^^X), ip is of uniformly lower type p and — ao + /3 > ^ — a. Prom 

this and Proposition 2.14, it follows that, for all G N, 

I/b - f2kB\ ^ 2 ^ p ' — II/IIbmo^W, 

which, together with (2.12) and ^^f^ - ao + P > ^ - a, imphes that 

1/(2/) -/bI 



dn{y) 



[1 + d(xo, y)]^-"°+''M(i?(^o, 1 + d{xo, y))) 

^ /" 1/(2/) ~ /^l .1 I \ 

fe=o'^2'=B\2'=-iB [1 + ^(^^^ 2/)]^-"°+^/x(5(xo, 1 + d(xo, y))) 



< 



tr^^ I ^2fcB 



fe=0 

<^ 2_^2 f — — I|/||bmo'^(a-) ^ — j^,^ — ||/||bmo'^(a'), 



fe=0 
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where 2 := $, /b is as in (2.11) and /2fcB defined similarly. Moreover, it is easy to see 
that ^ 

■= / — — My) < oo. 

•1^ [1 + d(xo, y)] -^-""'^^i^iBixo, 1 + d{xo, y))) 

Thus, we have 

ll/ll>l(.o./3)('^) ^ ^^'^/^(^/'^^ II/IIbMO^W +Cxo\fB\ < OO, 

which implies that / G Ai^.j.^^ f^^{X), and hence / G 

The proofs of (ii) and (iii) are similar to that of [17, Lemma 2.3], the details being 
omitted, which completes the proof of Lemma 3.1. □ 

Remark 3.2. Recall that, if a generalized approximation to the identity {^t}t>o satisfies 
(3.6), then {At}t>o is said to have the semigroup property. 

We now introduce the space BMO^(^) associated with the generalized approximation 
to the identity {At}t>o- 

Definition 3.3. Let Af be a space of homogeneous type, cp as in Definition 2.7 and {At}t>o 
a generalized approximation to the identity satisfying (3.4) and (3.5). The Musielak- 
Orlicz BMO-type space BMO|^(A') associated with {^t}t>o is defined to be the space of 
all functions f ^ M.{X) such that 

BMO^m := sup 1 / |/(x) - Atgf{x)\ dii{x) < oo, 

^ Bex \\Xb\\lv{X) jb 

where the supremum is taken over all balls B C X, ts '■= r'^, vb is the radius of ball B 
and m as in (3.4). 

Remark 3.4. (i) We point out that (BMO^(Af), || • ||bmo|^(A')) is a seminormed vector 
space, with the seminorm vanishing on the space /C^(A'), which is defined by 

JCa{X) := {/ G M{X) : Atf{x) = f{x) for /x-almost every x e X and all t G (0, oo)}. 

Then, it is customary to think BMO^(Af) to be modulo JCaIX). 

(ii) When ip is as in (1.1), then ||xs||l'^(;i') = m(-S) ^^id the space BMO^(^) is just 
the space BMOAiX) associated with {At}t>o introduced by Duong and Yan [17]; when (/? 
is as in (1.2), then ||xb||l¥'(a') = [/"(-S)]^^^ a,nd the space BMO^(Af) is just the Morrey- 
Campanato type spaces Lip^(/3, X) introduced by Tang [45]; when ip is as in (1.4) without 
the restriction Pu, < 1 + 1/r^, ||xs||l¥'(A') = ^(-S) and the space BMO^(-%') is just the 
weighted BMO space BMO^{X,oj) introduced by Bui and Duong [6]. 

Now we establish a relation between the spaces BMO^(A') and BMO'^{X). 

Proposition 3.5. Let X be a space of homogeneous type with degree {ao,no, Nq), where 
ao, no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that cp is as in 
Definition 2.1, {yd^joo a generalized approximation to the identity satisfying (3.4) and 
(3.5), and, for any t G (0, oo), At(l) = 1 almost everywhere, namely, J-^, at{x,y) diJ,{y) = 1 



16 



Shaoxiong Hou, Dachun Yang and Sibei Yang 



for almost every x G X . Then, 'BM.O'^^X) C BMO^(A') and there exists a positive constant 
C such that, for all f G BMO'^(A'), 

(3-7) II/IIbmo^CA") < 11/11 BMO'^w- 

However, the reverse inequality does not hold true in general. 

Proof. Let M be as in (3.1). By M > no[l + p{ip)/i{ip)] — ao, we see that there exist 
n G [no,oo), a G [0, ao], pi G \p{ip), oo) and p G {0,i{ip)] such that X satisfies (2.2) 
and (2.6), respectively, for n and a, ip E Ap^{X), is of uniformly lower type p and 
M>n{l + f)-a. 

Let / G BMO^(A'), 5 := B{xB,rB) and := r^. Then, by At{l) = 1, we conclude 
that 

(3.8) ^ / \f{x)-At,f{x)\dfi{x) 

\\XB\\L'fi{X) JB 

< li iT / / htBix,y)\f{x) - f{y)\dn{y)dn{x) 

\\Xb\\L'p{X) Jb Jx 



r / / htg{x,y)\f{x) - f{y)\dn{y)dix{x) 

\Lv(X) jb J2B 



\XB\\lv{X) 



oo 



+ EW / / •••=:I+II. 

\\Xb\\lv{X) Jb J2k+iB\2kB 

We first estimate I. Since x G -B, by (2.4), we know that n{B) < fj,{B{x,rB)), which, 
together with (2.2), (3.4) and the decreasing property of g, implies that, for all y G 2B, 



htB {x,y) 



g{[d{x,y)rt-s') ^ giO) ^ 1 



li{B{x,rB)) - li{B) ^ m(2S) 
Prom this and (2.12), we deduce that 

(3-9) I^ ll II ^ ,00, / / \f{x)-f{y)\d^,{y)d^,{x) 
\\xb\\lv{x)IJ-(P'B) .JB-hD 

< f ( [\f{x)-f2B\ + \f2B-f{y)\]dii{y)dii{x) 



\xb\\lv{x)IJ'{'^B) Jb J2B 

iT / \fi^) - /2bI dfJ-i^) ^ II/IIbmo-^W- 

IlLvm J2B 



\\XB\\lv(X) 

Regarding II, for a; G i? and y G 2^^^B\2^B, we see that d{x,y) > 2^~^rB- Then, by 
(2.2), (3.4) and the decreasing property of g, we conclude that 



htB{x,y) 



g{[d{x,y)]"'t]^^) ^ £,(2(^-1)") ^ g(^2^k-i)m^2^k+i)n 



^i{B{x,rB)) ^ KB) ~ fi{2''+^B) ' 
which further implies that 

(3.10) ll<f22'^-g^2(>'-^)m) \ / / \f{x)-f{y)\dKy)dKx). 

^ \\Xb\\lv{x)K^''^ B) Jb J2i-+^B 
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Moreover, from Proposition 2.14, it follows that, for each k eN, 

^„(r,k+ir^^ [ [ \f{x) - f{y)\dii{y)dii{x) 



\Xb\\lv 
~ \\xb\\lv{x 



+ 11 iT / \f{x) - f2k+iB\diJ'{x) 

\\XB\\Lf{X) Jb 



< 



Xb\\lv{X)P-[^ ^) \\X2''+iB\\Lf{X) y2*=+iB 

Y / l/(^) - fB\ dli{x) + {\fB - f2B\ 

Wlvix) jb \\XB\\lv(X) 



\\Xb\\lv{x) J b" ' ' - ■ • - - \\Xb\\L'p{X) 
H ^ 1/2*5 - /2'=+ibI) ^ 2*"^ p "^||/||bmo'^(a^)- 

By this, (3.10), (3.5) and M > n{l+pi/p) - a, we find that 

00 



n<E2 



fc(n+^-a-M) II ^ 

" ||/||bMO'^(A') ^ ||/||BMO'^(A'), 

fc=l 



which, together with (3.8) and (3.9), implies that (3.7) holds true. 

Finally, we show that the converse inequality of (3.7) does not hold true in general. We 
consider M with the Lebesgue measure dx and the approximation of the identity, {^t}t>o, 
given by the kernels 

at(x,y) := — t-y, 1 1 Av) for all x, y G M. 

Let f{x) =: X for all x G M. For every t G (0, 00), Atf{x) = x and ||/||bmo*'(A') = ^1 but 
ll/llBMO^(Ar) / 0. Thus, the converse inequality of (3.7) does not hold true in general, 
which completes the proof of Proposition 3.5. □ 

Remark 3.6. We remark that the assumption At{l) = 1 almost everywhere is necessary 
for (3.7). Indeed, let f{x) := 1 for all x £ X. Then (3.7) implies that ||1||bmo^(A') = 
and hence, for every t G (0, 00), At(l) = 1 almost everywhere. 



3.2 Some basic properties of BMO^(A:') 

From now on, we always need the following assumption on the generalized approxima- 
tion to the identity, {At}t>o- 

Assumption SP. Let ^ be a space of homogeneous type, 99 as in Definition 2.7 and 
{At}t>o a generalized approximation to the identity satisfying (3.4) and (3.5). Assume 
that Aq is the identity operator I and the operators {At}t>o have the semigroup property, 
namely, for any t,s E [0, 00) and / G AfAgf = Af+sf for almost every x E X (see 

also Remark 3.2). □ 
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Then we have the following property for {At}t>o on BMO^(A'), which is essential for 
developing the theory of BMO^(A'). 

Proposition 3.7. Let X be a space of homogeneous type with degree {ao,no, Nq), where 
ao, no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that cp is as in 
Definition 2.7 and {At}t>o satisfies Assumption SP with 

(3.11) M>n+^ + iVo-^^M^, 

where Nq and r{(p) are, respectively, as in (2.5) and (2.10), n G [no,oo), pi £ \p{ip), oo) 
and p £ {0,i{ip)] with p{cp) and i{(p) being, respectively, as in (2.9) and (2.8) such that X 
satisfies (2.2) for n, if £ Kp^{X) and (p is of uniformly lower type p. Then there exists 
a positive constant C , depending on n, a, p and p\, such that, for all f G BMO^(A'), 
t G (0, oo), K G (1, oo) and almost every x E X , 

(3.12) IA,H.) - A„/(x)| < c/f i<^-")^M«^||/||eMo,(.,. 

where a G [0, qq] such that X satisfies (2.6) for a. 

To prove Proposition 3.7, we first recall a result of Christ [7, Theorem 11], which gives 
an analogue of Euclidean dyadic cubes. 

Lemma 3.8. There exists a collection of open subsets, {Q^ C A' : A; G Z, a G Ik}, where 
Ik denotes some (possibly finite) index set, depending on k, and constants 6 G (0,1), 
Oo G (0, 1), and D G (0, oo) such that 
(i) ^i{X\ U« Q^) = for all k £ Z. 
(ii) Ifl>k, then either C Qi or Qj, n = 0. 

(iii) For each {k,a) and each I < k, there exists a unique (3 such that C Qjj- 

(iv) The diameter of is not more than D5^ . 
(v) Each contains some ball B{z^,ao6^). 

Now we prove Proposition 3.7 by using Lemma 3.8. 

Proof of Proposition 3.7. For any given t G (0, oo), choose s G (0, oo) such that | < s < i. 
With the same notation as in Lemma 3.8, we first fix Iq such that 

(3.13) D^'o < s^/"" < Dd^°-\ 

Fix X e X. By (i) and (iv) of Lemma 3.8, we see that there exists a subset Q''°^ such that 
x G Q^Oq and Q^^^ C B{x, D5^°). For any A; G N, let 

Mk := {13 G //„ : Q'^ H B{x, D5^°-^) + 0}, 

where Ii^ is as in Lemma 3.8. Using (i) and (iv) of Lemma 3.8 again, we know that 

S(x, £>(5'o-*^) C U C B(a;,D(5'°-('=+'=°)), 
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where ko is an integer such that 6^^^° > 2C\ and C\ is as in (2.1). 

In [17], it was proved that there exists a positive constant C, independent of k, such 
that the number of open subsets, {Q^°}/3eMfc, is less than C5-^^''+^\ Namely, 

where n and are, respectively, as in (2.2) and (2.4), and denotes the cardinality of 
the set E. 

By (3.11), we know that there exist N G [iVo, oo) and q e (1, r(</?)] such that X satisfies 
(2.4) for iV, (/? G mAq{X) andM>n + ^ + Ar - Vkz2l_ 

We first estimate \Atf{x) — At_)_s/(x)| for the case | < s < t. By Assumption SP, 
we conclude that Atf — At+sf = ^t{f — Asf) almost everywhere. From this and / G 
BMO^(<%'), we deduce that, for almost every x e X, 

(3.14) \Atf{x)-At+sf{x)\ 

< [ ht{x,y)\f{y)-AJiy)\df,{y) 

1 f g(^^^^^)\f{y)-AJ{y)\dKy) 



X 



lx{B{x,t^l^)) ix \ t 

^ \\XB{x,s'>-/^)\\Lf(X) 1 



(ui !ilm\\ \\ / \f{y)-Asf{y)\dix{y) 

fi{B{x,fA/"^)) Jb(x,s1/'^)C V * / 



< 



IIXb(x,sV'")IIl^(A-) „^„ 

n{B{x,tym)) II/IIbmo-w+i, 



where 



/x(5(x,tV'n)) Jb(^,,i/^)C' 

Notice that, for any y G B(a;, Z?(5'o~(''+^))\5(x, D^'""'^), it holds true that d{x,y) > 
D5^'^~^ , which, together with (3.13) and the decreasing property of g, implies that 



(3.15) / g ("felT |/(y) _ Asf{y)\diJi{y) 

< I 5f^^^^^)l/(2/)-^/(y)MMy) 



<E/ . . 9(^^^^)\m-Asm\d^^{y) 

oo .. 

<5^ff(4-^r(^-i)-) / \f{y)-Asf{y)\dti{y) 

^ Jb(x,DS'o-(''+'^)) 

oo „ 

E E 5i(5-'"^)y,J/(y)-^/(y)MM2/), 



oo 

< 

fe=0 /3eMfc+i 
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where gi{-) := g{6'^ ■ /4) satisfies the same property as in (3.5). 

Applying (iv) of Lemma 3.8, we know that C B{z^°,DS^°) C s^"^). By this, 

(3.15), mfe < (2.12), (2.13), (3.5) and M>n+^+N- we see that 



oo 
oo 



A;=0/3eMfc+i 



|/(y)-^/(y)|d/x(y) 



'l^i^(.':'--"')"^^WiiYzi„...i..")iiL.(.^-) 

fc=0 /3eMfc+i 



t^OB^M.^. IIXB(.,.V".)llLn^) M(S(x,tVm)) 



oo 



" ^ MS(x,tV-)) II^IIBMO^W 

~ A^(5(x,tVm)) II/IIbmo-W 
This, together with (3.14), (2.13) and (2.2), impUes that, when | < s < i, for almost every 

X e X, 

(3.16) lAfix) - A^Jix)\ < ^fi0!|^ll/llBMO^w 

For the case < s < t/4, by Assumption SP, we write 

At fix) - At+sf{x) = At fix) - A2tfix) - At+sif - At-sf)ix) 

for almost every x e X. In this case, it + s)/4<t — s<t + s. By this observation, 
together with (3.16) and (2.12), we conclude that, for almost every x e X, 

(3.17) \Atfix) - At^sfix)\ < j ^(B(x,tV-)) + M5(x,(t + .)V-)) j II/IIbmo^W 

IIXi;(a;,fi/^)llL^(A-) „^„ 

~ M(S(^,i^/"^)) "^"^^O-W- 

In general, for any K G (1, oo), let / be an integer such that 2^ < K < 2^~^^. If diam(Af) = 
oo, from (3.16), (3.17), (2.12) and (2.6), we deduce that, for almost every x e X, 

(3.18) \Atfix) - AKtfix)\ 
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< Yl \^2Hfix) - A^k+nfix)] + lA^itfix) - AKtf{x)\ 



k=0 

^ /.(i?(x,(2^t)V™)) Il/IIBMO-W 



k=Q 



< 



fc=0 



^(B(x,tV-)) II/IIBMO-W 

If diam(A:') < oo, we also have the same estimate as in (3.18) via some minor modifications 
similar to those used in the estimates for (2.15), which completes the proof of Proposition 
3.7. □ 

Applying Proposition 3.7, we further prove the following size estimate for functions in 
BMO'^{X) at infinity. 

Proposition 3.9. Let X be a space of homogeneous type with degree {ao,no, Nq), where 
ao, no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that ip is as in 
Definition 2.7 and {At}t>o satisfies Assumption SP. Let xq E X and 



(3.19) 5>no + No + - 



nop{(p) 



m [ i{}p) 



nQ[r{(p) - 1] 
r{ip) 



where m,p{ip), i{ip) and r{ip) are, respectively, as in (3.4) (2.9), (2.8) and (2.10). Then 
there exists a positive constant C^s^, depending on S, such that, for all f G BMO^(-%'), 



, \fix)-Atfix)\ ^„(^\<: ^^h\f\l 

x[ty'^ + d{xo,x)]^ \XBi tyr.+aixo,x)) \Lv(x) t^'"" ' 



Proof. By (3.19), we know that there exist n G [no,oo), A'' G [Ao,oo), a G [0,ao], pi G 
\p{ip), oo), p G {0,i{ip)] and q G {l,r(ip)] such that X satisfies (2.2), (2.4) and (2.6), 
respectively, for n, N and a, (p e Ap^{X) and ip is of uniformly lower type p, (f E MM.q{X) 
and 5 > n + A + i(^ - a) - ^i^. 

Let B := B{xo,t^/'^) and G N. Prom Proposition 3.7, (2.12) and (2.13), we deduce 
that 

^ ^ \f{x)-Atf{x)\diJi{x) 



\X2'^b\\Lv{X) J2*'B 
< — 



-—^ / \f{x) - At^,J{x)\ d^i{x) 

+T, \ / \At^,Jix) - Atf{x)\ dt^ix) 

IIX2'=bI|L'''(A') J2kB 



ll.f llRMn*'/->'-i + 



Lb KBix^t^^)) ^^^^^ 



^ ||X2.bI|l.w Ub i^iBix,ty-)) 
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n{q-l) 

\f{x)-Atfix 



BMO^(-^)> 



which, together with 6 > n + N + — a) — "^^^ "^-^ , imphes that 



dfi{x) 



< 



< f / \m-A,m\ 

oo 

< ^(2'=tV™)-5^ / I j(^) _ ^^(^) 

i_ ^ ,.,„+.,^,=j.-„,-^-, ll^ll^^^^^^^ , ^II/IIbmo;,.,. 

I. fe=o fe=0 J 

This finishes the proof of Proposition 3.9. □ 

3.3 Two characterizations of BMO^(A') 

For the need of the following sections, from now on, we always assume that the following 
assumption on the generalized approximation to the identity, {^t}t>o- 

Assumption A. Let A" be a space of homogeneous type with degree {ao,no, Nq), where 
ao, no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that is as in Definition 
2.7 and {At}t>o satisfies Assumption SP with M in (3.5) additionally satisfying that 

2nop(y) no[r(y) - 1] 
M > Wo H rr^ h -/vQ ^ aO) 

wheie p{(p), i{(p), and r((/5) are, respectively, as in (2.9), (2.8) and (2.10). □ 

Remark 3.10. If M is as in Assumption A, we then conclude that M also satisfies (3.11) 
in Proposition 3.7. Indeed, if M is as in Assumption A, by the definitions of no, Nq, ao, 
p{ip), i{<f) and r{ip), we know that there exist n G [no,oo), N G [iVo,oo), a G [0, ao]) 
Pi G [p{f),oo), p G iO,i{cp)] and q G (l,r((^)] such that X satisfies (2.2), (2.4) and (2.6), 
respectively, for n, N and a, ip E Apj(A') and if is of uniformly lower type p, ip E MMq(X) 
and 

(3.20) M>n+^-^ + N-^^^^-a, 

p q 

which, together with n > a and pi > p, implies the above claim. 

From now on, we always use the labels n, N, a, p\, p and q as in Remark 3.10 to char- 
acterize the space of homogeneous type X and the growth function ip. We first introduce 
the space BMO^^^^(^). 
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Definition 3.11. Let X he a, space of homogeneous type, ip as in Definition 2.7 and 

{At}t>o a generalized approximation to the identity satisfying (3.4) and (3.5). The space 
BMO^ max('^) is defined to be the set of all f e M{X) such that 



(3.21) 



A, maxV / 



/x(B(x,tV"')) 

te{0,oo),x€X 



sup 



|Ai(|/-Ai/|)(x)|<oo. 



We are ready to obtain the first characterization of BMO^(A') with the following extra 
assumption (3.22) on the kernel at of Af. 

Theorem 3.12. Let X he a space of homogeneous type with degree {aQ^riQ^No), where a^, 
no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that if is as in Definition 
2.7, {At}t>o satisfies Assumption A and, for any t G (0, oo), the kernel at of the operator 
At is a nonnegative function satisfying the following lower bound: for all t G (0, oo), x G X 
and y G B{x,t^/"'), 



(3.22) 



at{x,y) > 



C 



/i(S(x,ti/m))^ 



where C is a positive constant independent oft, x and y. Then the spaces BMO^ max(^) 
and BMO^(A') coincide with equivalent norms. 

Proof Wc first prove BMO'^{X) C BMO^ ^^^^(Af). For any fixed x e X and t e (0,oo), 

let B := B{x,t^/"'). Let / G BMO^(;f). Since {At}t>o satisfies Assumption A, we then 
choose n, A^, a, pi, p and q as in Remark 3.10 such that (3.20) holds true. From (3.20), we 
further deduce that M > By this and (3.20), together with Proposition 3.7, Lemma 
2.13, and the decreasing property of g, we see that 

1^,(1/ -^,/|)(x)| 



< / \at{x,y)\\f{y)-Atfiy)\d^i{y) 
Jx 

oo 

< V — ^ / g 



k=0 

oo 

< ^5(2^^-1)™) 
fe=o 



[dix,y)] 



m 



\f{y)-Atf{y)\df,{y) 



'fi{B) 

[ U,J{y)-Atf{y) dfiiy) 

oo -. 



[ f{y)-At^uJ{y) dKy) 



+ 



fe=0 



+2 



\\Xb( y,t^/^)\\LV{X) 



OO 
fe=0 



2kB fi{B{y,t^/^)) 



dn{y) 

oc-M) 



BMO'^^{X) 



\Xb\\L'p{X) 



BMO^(A') 
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< \\Xu\\lp{x) 



which, together with the arbitrariness oi x & X and t G (0, oo), impUes that / G 



BMO^^„^^^(A') and ll/llBMori.^JA") ^ ll/llBMO^CA")- 

Conversely, let / G BMO^ ^^^^(Af) and S := B(x,rB) with x G A" and rs G (0,oo). 
Let tB '■= r^- Then, from the assumption (3.22), it follows that 



Y / \m-At,f{y)\d^iiy) 

\lv(x) Jb 



Xb\\lv{x) 

^^{B{x,tf^)) 



< 



atBix,y)\fiy) - Atgf{y)\dn{y) < ||/||bmo' 



A, max 



which implies that / G BMO|^(;f) and ||/||bmo^(a^) < II/IIbmo^ ™^ finishes the 

proof of Theorem 3.12. '""^ □ 

Remark 3.13. It was pointed out by Duong and Yan [17] that examples of at{x, y) satisfy 
the condition (3.22) include heat kernels of uniformly divergence form elliptic operators 
with bounded, real symmetric coefficients on R", and the Laplace-Beltrami operator on a 
complete Riemannian manifold M with nonnegative Ricci curvature (see also [11, Theo- 
rems 3.3.4 and 5.6.1]). 

Next, we give another equivalent characterization of BMO|^(A'). In other words, the 
average value Atgf in Definition 3.3 can be changed into other value which satisfies 
appropriate estimates. 

Definition 3.14. Let X he a space of homogeneous type with degree (ao, no, Nq), where 
^0 and A^o are as in (2.7), (2.3) and (2.5), respectively. Assume that (p is as in Definition 
2.7 and {At}t>o a generalized approximation to the identity satisfying (3.4) and (3.5). If, 
for a given function / G M.{X), there exist a positive constant C and a collection of 
functions, {/^}b (in other words, for each ball B, there exists a function /^), such that 

(3.23) sup -. 1 / \f{x) - /^(x)| d^Ji{x) < C, 

Bex \\Xb\\lv{x) Jb 

II II 

(3.24) If^H.) - f^'(-)\ < c ""7""'"'^;f' (^Sl)''" 

n{B{x,rB^)) VbJ 

for any two balls Bi C B2, and 

(3.25) \f^ix) - A,f^ix)\ < C^^llg^^ 

for almost every x ^ X, where ts = r^, then it is said that / belongs to the space 
BMO^(Af) and 

II-^IISmo^Cat) •= • ^ (3.23), (3.24) and (3.25)}, 

where the infimum is taken over all the constants C as above and all the functions {/^}b 
satisfying (3.23), (3.24) and (3.25). 
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We have the following equivalence between the spaces BMO^(Af) and BMO^(A'). 

Theorem 3.15. Let X be a space of hom,ogeneous type with degree {aQ,nQ,NQ), where oq, 
no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that f is as in Definition 

2.7 and {At}t>o satisfies Assumption A. The spaces BMO^(Af) and BMO^(A') coincide 
with equivalent norms. 

Proof. Let f e M{X). It is easy to prove that BMO^(Af) C BM0^(A:) and, for all 
/ G BMO^(^), WfWf^'^,^, < ||/||bmo-(A')- Indeed, let f^{x) := AtJix) for each ball 



B and X G X. Then,J)y Proposition 3.7, the estimates (3.23), (3.24) and (3.25) hold true 
with C replaced by C'||/||bmo^(A'); where C is a positive constant independent of /. 

Conversely, we need to prove that BMO^(A') C BMO'^{X) and, for all / G BMO^(A'), 



BMO^(A') 



< 



g^v^^^. To this end, for any / G BMO^(A') and fixed ball Bq := 



B{xo,rBo) with xq E X and rso € (OjOo); it suffices to prove that 
1 



\XBo\\lv{X) J Bo 



|/(x)-A,,^/(x)|dMx)<||/||g^.(^), 



where tB^ := r-^^. For any x G Bq, by (2.4), we see that ij-{Bq) < iJ,(B{x,t^^^)). Notice 
that M satisfies (3.20) by Assumption A together with Remark 3.10. Thus, m > 
Prom this, (3.20), (3.23) and (3.24), together with the decreasing property of g, we deduce 
that 



l^tBo(/-/''°)(^)l 



< 



KB{x,t]/;;')) 



lA 



[dix,y)Y 



\f{y)-f'''iy)\dKy) 



< 



^ f^[Bo} J2'=i3o\2fe-iBo V *Bo / 



< 5^5(2^'") 



1 



fc=0 

+ 



/^(So 



I 



fe=o 



/''^°(2/)-/^°(y)| dfi{y) 
1 



2)m\ 



+2" 



m(5o) 



oo 
A;=0 



2k Bo M(-B(y,rso)) 



\XBo\\lv(X) 



< 



\XBo\\L'p(X) 



BMO^(A^) 
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which, together with (3.23), (3.25) and (2.12), impUes that 
1 



iXBollLviX) J Bo 
< - 



\fix)-AtgJix)\d^^{x) 



llLffX) JBn L 



x)-/^°(x)i + ir°(x)-^t„ r°(x 



Bo I 



< 



\\XBo\\lv(X) J Bo 

1 



(Bo, 



1 + 



\\XB{x,rBo)\\Lv{X) 

XBo\\l'^{x) Jbo KB{x,rBo)) 



dfj,{x) 



< 



BMO^(A')' 



By this, combined with the arbitrariness of Bq C X, we then conclude that / G BMO|^(A') 
and ||/||bmo^(a-) 



< 



, which completes the proof of Theorem 3.15. 



□ 



Remark 3.16. Theorems 3.12 and 3.15 completely cover, respectively, [17, Propositions 
2.10 and 2.12] by taking if as in (1.1). Moreover, Theorem 3.15 completely covers [45, 
Proposition 2.4] by taking ip as in (1.2). 



4 Two variants of the John-Nirenberg inequality 

on BMO^(A:') 

In this section, we establish two variants of the John-Nirenberg inequality on BMO^(Af). 
We then discuss the relationship between these two John-Nirenberg inequalities in Re- 
mark 4.10 when (p G Ai{X). Moreover, we also introduce the Musielak-Orlicz BMO-type 

spaces BMO'^^{X) and BMO^ (X) with p G [l,oo). As an application of these John- 
Nirenberg inequalities on BMO^(-%'), we further prove that, for any p G [1, oo), the spaces 

BMO^'^(A'), BMO^'^(A') and BMO^(A') coincide with equivalent norms. 



4.1 The first variant of the John-Nirenberg inequality on BMO^(A') 

In order to establish the first variant of the John-Nirenberg inequality on the space 
BMO^(-%'), we assume that the growth function ip satisfies the following property: there 
exists a positive constant C such that, for all balls Bi,B2 C X with Bi C B2, 

^^ WXBALfjX) ^ ^ \\XB2\\Lf{X) 

Remark 4.1. Let X he a space of homogeneous type with degree {ao,no, Nq), where ao, 
no and No are as in (2.7), (2.3) and (2.5), respectively. There exist following nontrivial 
growth functions (p satisfying (4.1). 

(i) Let (p{x,t) := for all x G and t G [0, 00), where p G (0,1]. Then, ip satisfies 
(4.1). 
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Indeed, it is easy to see that, for any ball B C X, \\xb\\lv(x) 
know that, for all balls Bi,B2 C X with Bi C B2, 



[l^iB)]p. Then, we 



\XBi\\l'p{X) _ 



which implies that (4.1) holds true. 

(ii) Let ip{x,t) := uj{x)P' for all x G A" and t G [0, 00), where p G (0, 1], a; G A^oiX) n 
RHg(A') with g G (l,oo]. If p G (0, 2^], then ip satisfies (4.1). 

Indeed, it is easy to see that, for any ball B iZ X, \\xb\\lv{x) = I'^i^)]^- Then, by 
(2.13), we know that, for all balls Bi,B2 C X with Bi C B2, 



IxsiIIl^w [w(Si)]! 



< 



M(^1 

AB2) 



PI ^ n{Bi) 



\\XB2\\l'P{X) [oj{B2)]p 
which also implies that (4.1) holds true. 

(iii) Let xq £ X and Lp{x, t) := ^i„(e+^(^.„,4')+in(e+tp)]p ' "^^^^ P ^ all x G and 

t G [0,00). If ao G (0,00) and 1^ G (0, j^), then if satisfies (4.1). 

Indeed, X satisfies (2.4) and (2.6), respectively, for any N G {No,oo) and a G (0, ao). 
It is easy to see that G Ai {X) and 



\XB\\L'fi{X) 



ln(e + [/x(S)]-i) + supj-gB ln(e + d{xo, x)) 



for any ball B C X. Then, for any p G (0, 5^), -Bi := B(xi,ri) with xi G X and 



ri G (0, 00), B2 := B{x2, r2) with ^2 G and r2 G (0, 00), and Bi C S2, it holds true that 



I^{B2)\\XBi\\l^{X) 
l^iBi)\\xB2\\Lf{X) 



KB2 



I ^ ln(e + [^(-62)] ^) + sup^gg^ ln(e + d{xo,x)) 
ln(e + [^(Bi)]-i) + sup^-gs^ ln(e + (i(xo, x)) 



< 



1 + 



ln(e + Ci[d(xo,X2) + r2]) 
ln(e + ci(a;o,a;i)) 



<(!! 

^2 



5(i-l)-l 



<1, 



with 



which implies that (4.1) holds true. 

Moreover, we point out that, when X := M" and (p{x,t) = [i^(g_^|^|)_^i„(g_^^p)]p ; 
p G (0, 1], for all x G M"" and i G [0,oo), the Musielak-Orlicz Hardy space i?^(M") related 
to ip arises naturally in the study of pointwise products of functions in Hardy spaces 
H^IW') with functions in BMO(M") (see [2] in the setting of holomorphic functions in 
convex domains of finite type or strictly pseudoconvex domains in C"), where the space 
iJ'^(]R") is introduced by Ky [28], and its dual space is BMO'^(M"). In this case, (4.1) 
holds true for (p with p G (0,1), which needs more precise estimates, the details being 
omitted. However, when p = 1, (4.1) does not hold true. Indeed, we choose Bi := B{0, 1) 
and B2 := B{0,r) for r G (l,oo). Letting r — cx), we then find that 



\Bo 



\xBi\\l'p{x) ln(e + |S2| ^) + sup^-g^^ ln(e + |x 



|-Bi|||xB2lU*'(A') ln(e + |5i| 1) +sup^gBi ln(e + 
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ln(e+ r-"|Z?i|--'-) + lu(f + r) 
ln(e+|5i|-i) + ln(e + l) ^ 

which imphes that (4.1) does not hold true. 

Now we estabhsh the first variant of the John-Nirenberg inequahty on BMO^(Af) by 
using Proposition 3.8 and borrowing some ideas from Duong and Yan [17]. Recah that 
the Hardy-Littlewood maximal operator M is defined by setting, for all / G Lj^^ [X) and 
X e X, 

M{f){x) := sup-^ / \f{y)\dfx{y), 
xeB fJ-[^) Jb 

where the supremum is taken over all balls in X containing x. 

Theorem 4.2. Let X be a space of homogeneous type with degree {aQ,nQ,NQ), where a^, 
no and No are as in (2.7), (2.3) and (2.5), respectively. Assume that (p is as in Definition 
2.7 and satisfies (4.1). Let {At}t>o satisfy Assumption A. Then, there exist positive 
constants ci and ci such that, for all f G BMO^(A'), balls B and A G (0, oo), 



(4.2) ix{{x&B: |/(x)-At^/(x)|>A})<ciM(5)exp 



where ts ■= and m is as in (3.4). 



\XB\\L'p{X)\\J\\bMO'^(X) 



Proof. Since {At}t>o satisfies Assumption A, we then choose n, N, a, pi, p and g as in 
Remark 3.10 such that (3.20) holds true. 

Let B := B{xB,rB), with xb & X and G (0, oo), and / G BMO^{X). In order to 
prove (4.2), it suffices to consider the case ||/||bmo^(A') > 0- Otherwise, (4.2) holds true 
obviously. Without loss of generality, we may assume that 

(4.3) = 1. 

1 1 XB 1 1 (A") 1 1 / 1 1 BMO^ (A-) 

Otherwise, we replace f by j, — n ^^^Ifi • Thus, we only need to prove that there 

exist positive constants ci and C2 such that, for any A G (0, oo), 

(4.4) /x({x G B : |/(x) - AtJ{x)\ > A}) < cie-^^V(S), 
where tB '■= r^. 

It is obvious that, when A G (0, 1), (4.4) holds true for ci := e and C2 := 1. 
Let A G [l,oo) and /o := (/ — As/)Xioc*B' where Ci is as in (2.1). By Proposition 
3.7, (2.2), (2.4), (2.12), (2.13) and (4.3), we know that 

(4.5) \\fo\Wix)= f \f{x)-AtJ{x)\d^{x) 

JlQCfB 

< [ fix) - At^,a^J{x) di,{x) 
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+ 



WCfB 



'■lOCfB'' 



< 



BMO^CA") 



XlOCfB 



+ 



\\XB{x,rB)\\LviX) 
LfiX) ' JioCfB lJ.{B{x,rB)) 



dii{x) 



^ IIxb||lv'(a-)II/IIbmo;^(a') 

Let P G (1,00) be determined later, 

F:={xeX : M{Jq){x) < P} and n := = {x e X : M{fo){x) > P}. 

From [9, Chapter III, Theorem 1.3], we deduce that there exists a collection of balls, 

{i?i_i}igN, satisfying that 
'(i) UiBi^i = n; 

(ii) each point of CI is contained in at most a finite number L of the balls Bi^f, 

(iii) there exists C G (1, 00) such that CBi^i n F 7^ for each i. 
By (i), we see that, for any x G B\(UjBi^j), 

\fix) - AtJ{x)\ = \Mx)\xFix) < M(/o)(x)xf(x) < p. 

Prom the fact that M is of weak type (1,1), (i), (ii) and (4.5), it follows that there exists 
a positive constant C3 such that 



(4.6) 



P' 



For any Bi^i n i? 7^ 0, we denote by Bi^i := B[xbi ^Si i) the ball centered at xb^ ^ and 
of radius .. Notice that d{xB,XBi J < Ci(rB + J. If vb < tbh, by (4.6), we know 
that there exists a positive constant C3 such that 



(4.7) 



fj,{B{xB,rB^^i)) 



1 + 



rB + rBi. 
rB.i 



n N 



n{B{xB,i,rB,i)) < 



P ' 



We now choose P > C3 and, therefore, vb > tbh- Otherwise, if tb < tbh, then 
/x(B) < iJ,{B{xB,rBi^i)), which contradicts to (4.7). 

By rs > r-fij ., together with (2.4), (2.2) and d{xB,XBi i) < C'i(rB + rB^ J, we find that, 
for some positive constant C4, 



(4i 



KB) 



< 



< 



TB 

rB 
C4 / rs 



fi{B{xB,rB,i)) 



1 + 

n+N 



Ci{rB + rBi^i) 
rBi,i 

fi{B). 



N 



t^{B{xB,.,rB,J) 



Wc further choose P > max{c3, C4(10Ci)""'"'^, cse}. Then, from (4.8) and the fact 
rB > lOCirsj . together with (2.1), we deduce that, for any Bi^i n 5 7^ 0, Bi^i C 2CiB. 
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We claim that there exists a positive constant C5 such that, for any Si^j fl B 7^ and 
almost every x G -Bi^j, 

(4.9) \At^J{x)-AtJ{x)\<c^^. 

Indeed, from Assumption A, it follows that, for almost every x G A", 

(4.10) A^,J{x)-A,J{x) = At,^.[j-AtJ){x)^\A^^^^,^^^^^ . 

By the fact that t^i , + is and Ib have comparable sizes, Proposition 3.12, (2.12), (2.13), 
and (2.4), we find that, for almost every x G -Bi,,, 



Ats,.+*3)/(^)-^tfl/(a 



< 



^ I|Xb||l'^(a')II/IIbmo^(a^) 



BMO^(A') 



Prom this and (4.10), we deduce that, to prove (4.9), we only need to prove that, for 
almost every x G 5i j. 



(4.11) 



l^tB,,(/-^tB/)(^)l</3 



Let qi be the smallest integer such that 2C^S C 2«'+^Si,i and 2C^S n (2«*Si,i)'' 7^ 
We claim that 29'+iSi,j c lOCfS. Indeed, by 'IClB n (29'Si,i)'^ 7^ 0, we see that 

2^Vb,, < Ci [r2c25 + d(.XB , .XB, J] < Ci pC^rs + Ci (rs + TB,, J] , 

which, together with (2.1), implies that, for all z G 2'^*+^i?i_j, 

dixB^z) < Ci[d{xB,XB,^i) + rf(arBi,,,2;)] < Ci[Ci{rB + rfi^J + 2«'+Vbi J 
< Ci'[rB + rsi , + 4ClrB + 2Ci(rB + re, J] < IOC^b. 

Thus, the above claim holds true. Moreover, we write 



(4.12) At,^^^{f-AtJ){x) 



^ m(5i, 



k=0 



X 



1 



\f{y)-A,J{y)\dix{y) 

[d(x,y)]^ 



+ 



1 



5 



\f{y)-AtJ{y)\d^i{y) 



=:I + II. 



It follows immediately from property (iii) of {-Bi^jjigj^ that, for all G {0, . . . , + 1}, 
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which, together with /o := (/ — Atgf)xiocfB ^^'^ 2^*+^Bi^j C lOCfB by the above claim, 
imphes that 



(4.13) 



\fix)-AtJ{x)\dfiix) 



\Mx)\d^i{x)<f3. 



Notice that, for any x G Bi^i, y £ 2^Bi^i \ 2^-^Bi^i with A; G N and ^ [logs ^"1] + 2, 



there exists a positive constant ce such that d{y, x) > cq2 rs^ ^- This, together with (4.13), 

2m ^ Ar _ !!(^ -a>n, implies that 



(3.5), the decreasing property of g, and M > n + + A'' 



Liog,Cij+i 



(4.14) I< Yl 2^"g(0) (.L . I \f{y)-AtJ{y)\dn{y) 

\f{y)-A,f{y)\dfi{y) 



+ J2 2*^"5(c^2'="^) 

fc=Llog2CiJ+2 
[logaCiJ+l q,+l 

k=0 fe=[log2CiJ+2 

where the second term is vacant, if qi < [logs + 1- 

Now wc estimate 11. Let Sj be an integer satisfying 2^*rBj - < < 2^*"'"-^rB^ -. Let 
2'^Bi^i = 0. Then, by (2.4), we know that //(^(xb, J) < 2'''^/n(5i,i). It is easy to see 
that, for any x G Bi^i and y G 2*^+^5 \ 2*^5 with G N and k ^ [logs ^^ij + 2, there exists 
a positive constant C7 such that d{y,x) > C72'^+''»rBj .. Recall that 2C^5 C 25'+^Si^j and 

M > n + ^ + iV - - a > max{ ^ , n + iV}. Thus, from these facts, the decreasing 

property of g, Proposition 3.7, (2.6) and Lemma 2.13, it follows that 



II < 



E 



fc=L21og2CiJ+l 



B\2l'B 



[dix,y)Y 

^Bi^i 



\fiy)-AtJ{y)\d,,{y) 



< 



E 



fc=L21og2CiJ+l 

00 



2S.iN+n)g^^rn^ik+s.)m^^ f |^^^) _ ^^^^^ 

H{B) J2k+lB 



< 



1 r 

Y 2^'(^+-)5(c^2('=+^^)-)-— 1^ \f{y)-A^,^,J{y)\d„{y) 

fc=L21og2CiJ+l ' l-^2fc+iS 

+ / Ut2fc+i^/(y)-^tB/(y) My) 



fe=L21og2CiJ+l 



BMO^CA") 

7(5) 



+2 



-a) 



2'=+iB ^(i3(y,4/™)) 



d//(?/) 



fe=L21og2CiJ+l 
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which, together with (4.14) and (4.12), imphes that (4.11) and hence (4.9) hold true. 

Wc claim that, for each Bi^i with Bi^i f] B 9, Bi^i C 2(7^5. Indeed, notice that 
n S / and vb > lOCirBi ^. Then, by (2.1), we know that, for all x € Bi^i, 
d{xB,x) < Ci(2CirBi, +rB) < fCirs < 2CfrB. Thus, Bi^i C 2CfB, namely, the 
claim holds true. This, together with (4.1) and Lemma 2.12(i), implies that there exists a 
positive constant cy such that 

IIXBiilU^'m ^ \\X2CfB\\Lv{X) \\Xb\\lv(X) 
<. ± ^ < Cq- 



lx{B^,i) ~ ^i(2ClB) ix{B) 
Prom this and (4.3), we deduce that 

IIXSi,JIl'^(A') II , \\xb\\l^{x) ..... . 

ii/iIbmo:^w < C6 ^^^^ ii/iIbmo^w < C6- 

Applying use the decomposition in [9, Chapter III, Theorem 1.3] for 

:= (/ - . /)xioc4Bi,i 

with the same value /3 as above again, we obtain a collection {i?2.ire}meN of balls sat- 
isfying that B2,j n Bx^i / for any B2,j G {B2,rn\rn&h l/(a;) - Atj,^ J[x)\ < l3 for 
any x G Bi^i \ (Um52,m), and I]m/"(-^2,m) < ^/^(-Bi,i). We now further choose /3 > 
(max{c3, C4(10Ci)""'"^, C3e})(max{l, ceDand let cq := max{l, cq}. By a method similar to 
that used in the proof of (4.9), we see that, for almost every x G B2,m, 

\At,^,^f{x)-A^^J{x)\<c,cef3. 

Now we put together all families {i?2,m} corresponding to different Bi^i, which are still 
denoted by {i?2,m}- Then, for all a; G 5 \ {UmB2^m), we have 

\f{x) - At^fix)\ < \f{x) - At^^ .f{x)\ + \At^^ .f{x) - At^fix)\ < 2c5?6/3 

and ^ 

5]MS2,m)< C6/X(5). 

Therefore, by induction, we know that, for each K G'N, there exists a family {BK,m}KeN 
of balls satisfying that, for any BK+i,m, there exists a ball BK,m satisfying Bx+i,m H 
BK,m 05 rBK,m > '^OCirBK+i,m and BK+i,m C 2CfB. Then, from (4.1), we deduce that 

Moreover, we also have 

|/(x) - Atg/(a;)| < Kc^ceP for almost every x G S \ S^.mj , 
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and 

K 



If Kc^cqP < a < {K + 1)c5Cq/3 with K eN, then, from P > (cace)^, we deduce that 

^^i{xeB: \f{x)-A,fix)\>a})<J2l^{BK,m)<(^-f-Y ^ 

m \ P / ce 

Cq Cq 

On the other hand, if a < c^cqP, we just have the following trivial estimate 

fi{{x e B : \f{x) - AtJ{x)\ > a}) < n{B) < e'-^/x(S). 

Combining both estimates, we then obtain (4.4) for each a > 1 by choosing 

( VP\ , min{(log/3)/4,l} 
ci := max < e, > and C2 



C6 J C5C6/3 

which completes the proof of Theorem 4.2. □ 

Remark 4.3. (i) When if is as in (1.1), (4.1) automatically holds true and Theorem 4.2 
is just [17, Theorem 3.1]. 

(ii) When cp is as in (1.2), (4.1) also automatically holds true and Theorem 4.2 is just 
[45, Theorem 3.1]. 

As a consequence of Theorem 4.2, we obtain the following conclusion for BMO^(A'). 

Theorem 4.4. Let X be a space of homogeneous type with degree (ao, no, A^o); where ao, 

77-0 and Nq are as in (2.7), (2.3) and (2.5), respectively, ip as in Definition 2.7 satisfying 
(4.1), and {At}t>o satisfy Assumption A. Assume that f e BMO^(;f). Then there exist 
positive constants A and C such that 



sup [ exp i -—— ^^y^^ \f{x) - Atgfix)\ \ dii{x) < C, 

Bex H[B) Jb [ \\Xb\\lv{X)\\J\\bMO'^j^{X) 



where the supremum is taken over all balls B (Z X and ts '■= r 



B ■ 



Proof Let A := C2/2, where C2 is as in Theorem 4.2. Then, by Theorem 4.2, we see that, 
for any B C X, 



-I 

Jo 



XB\\L'p{X)\\J\\bMO'^{X) 

MB) 



00 / 

fi [ < x E B : exp 



\XB\\Lv{X)\\J\\bMO'^{X) 



-\f{x)-At,f{x) 



>t} \ dt 
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< fi{B) + i^UxeB: \f{x) - At^f{x)\ > '^^^^^ ^ I dt 

e^pl-^^j dt<fi{B) + cii^{B) t-'''/^dt<ii{B), 

which completes the proof of Theorem 4.4. □ 
Now we introduce the spaces BMO'^^{X) for p G [1, oo). 

Definition 4.5. Let be a space of homogeneous type, ip as in Definition 2.7, M.{X) 
as in (3.3), and {At}t>o a generalized approximation to the identity satisfying (3.4) and 
(3.5). Let p G [l,oo). The space BMO'^^{X) is defined to be the set of all / € MiX) 
such that 



sup {-3- / \f{x)-AtJ-ix)fdf,ix)y<oo, 

Bex \\Xb\\lv(X) \,fJ'[B)JB ) 



where the supremum is taken over all balls B d X , Ib and tb denotes the radius 

of the ball B. 

By Theorem 4.2, we obtain the following conclusion. 

Theorem 4.6. Let X he a space of homogeneous type with degree (ao,no, A^o); where ckq, 
no and Nq are as in (2.7), (2.3) and (2.5), respectively. Assume that (p is as in Definition 
2.7 satisfying (4.1) and {At}t>o satisfies Assumption A. For different p G [l,oo), the 
spaces BMO^'^(A') coincide with equivalent norms. 

Proof. For any / G BMO^^ {X) with p G [l,oo), by Holder's inequality, we see that, for 
any ball B C X, 



1 



\Xb\\L'p{X) Jb 



\fix)- At^f{x)\dn{x) 



< |, ^i^^ l-ks [ \m-At,f{x)fd^^{x)Y , 

\\XB\\L-fi{x) { ^(-Dj Jb ) 

which implies that / G BMO^(A') and ||/||BMO^(Af) < II/IIbmo^'^^(A')- 

Let / G BMO^(;f) and p G [l,oo). From Theorem 4.2, it follows that, for any B cX, 

/ \f{x)-AtJ{x)fd^i{x)=p XP-^^{{x&B: \f{x)-AtJ{x)\>\})d\ 

JB Jo 



< 



poo _ 
^0 



oo £2M£L 



IP 



<iifr:.._.^..,^^^Mi^), 
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which imphes that 



KB) 



\Xb\\lv(X) 



~ II/IIbmo;^(a')- 



Thus, / G BMO^'^(A') and ||/||bmo^-~(a;) ^ H/Ubmo-CA")- This finishes the proof of 
Theorem 4.6. □ 

Remark 4.7. Theorem 4.6 completely covers [17, Theorem 3.4] and [45, Theorem 3.3] by 
taking ip, respectively, as in (1.1) and (1.2). 

4.2 The weighted version of the John-Nirenberg inequality on BMO^(A') 

In this subsection, we establish a weighted John-Nirenberg inequality on BMO^(-%'). 
We begin with the following Lemma 4.8, whose proof is similar to that of [32, Lemma 2], 
the details being omitted. 

In what follows, for any set E C X and t G (0, oo), let ip{E, t) := (p{x, t) d^{x). 

Lemma 4.8. Let X be a space of homogeneous type. Assume that ip is as in Definition 
2.7 and f G Apj(Af) with pi G (l,oo). Then there exists a positive constant C such that, 
for all balls B C X , X e {0, oo) and t G (0, oo), 



G B : M^(.,t) (^--L^xb) (x) > a| < C 



KB) 
[MB,t)\ 



Pi 

ip{B,t), 



where 1/pi + l/p'^ = 1 and denotes the maximal function associated with ip{-,t), 

namely, for all f G L\^^{ip{-,t) d/i) and x & X , 

-sup^^ / \f{y)W{y,t)dn{y). 

Now we give out the weighted John-Nirenberg inequality on BMO^(A') as follows. 

Theorem 4.9. Let X be a space of homogeneous type with degree (ao,no, A^o); where ao, 
no and Nq are as in (2.7), (2.3) and (2.5), respectively. Let ip be as in Definition 2.7 and 
{At}t>o satisfy Assumption A. 

(i) Assume that (p G Ai{X). Then, there exist positive constants c\ and C2 such that, 
for all f G BMO'^{X), balls B and X e (0,oo), 



(4.15) ,{\xeB: IA^i--;.A^ >a,||,,||-i^^^ 



\f{x)-At,f{x) 

^ix,\\XB\\ll^;^;^) 
C2X 



< c\ exp < — - 

\ ViB\\Lv{X)\\J\\mAO\{X) 

where ts '■= and m is as in (3.4). 
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(ii) Assume that (p G Ap^{X) for some pi G (l,oo) and p{ip) < 1 + > ''^^ere p{ip) 
andr{ip) are, respectively, as in (2.9) and (2.10), and l/r((^) + l/[r ((/?)]' = 1. Then, there 
exist positive constants hi and 62 such that, for all f G BMO^(A'), halls B and A G (0, 00), 

Vi 'P{x,\\xb\\l^(x)) J ^ 7 





( ^ 1 




<i)l 


min < 


1, 62 




I 1 





- -Pi 

IXb||l¥'(a^)II/IIbmo;^(a^) 

Proo/. Let / G BMO^(A'). Fix a ball Bq C A'. In order to prove (4.15) and (4.16), it 
suffices to consider the case ||/||bmo^(A') > 0- Otherwise, they holds true obviously. Let 
^0 •= IIxBo IIZv(A')" Without loss of generality, we may assume that 



(4.17) II/IIbmo^w = *o; 

to/ 

3MO* 

positive constants ci, C2, h\ and 62 such that, for any A G (0, 00), when ip G Ai(A'), 



otherwise, we replace / by yiw — • Thus, we only need to prove that there exist 



(4.18) <p G Bo : ^(^7^) ^ j ' °J - '^^^ 

and, when ip G Apj (-Y) with pi G (1, 00), 

where t_B := r^^. 

It is obvious that, when A G (0,1), (4.18) and (4.19) hold true for ci := e, C2 := 1, 
hi := 1 and 62 := 1- 

Now, let A G [1,00). Let B := B{xB,rB) C Bq and, for all x ^ X, 

f{x) - Atgf{x) 

(fix, to) 1 

where Ci is as in (2.1). Similar to the proof of (4.5), by the property of uniformly upper 
type 1 of (fi, Lemma 2.11(i) and (4.17), we know that 

(4.20) ll/olLi (^):= / \fo{x)\^{x,to)d^^{x) 

< IIxbIIl'^(a')II/IIbmo^(a') 

^ •^{'B,to)\\XB\\L'^={X)\\f\\mkO\{X) 
^ V{B,\\XB\\j^l(^X)^o\\XB\\L'f{X)) 

(p{B,to)\\XB\\L'P{X)\\f\\BMO'^AX) ,„ , 

~ ~T^\ — Fi — v;^ — u ¥'(^>*o). 

'PKB, WXbW L<p(^p^))to\\XB\\L'P{X) 
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Let P e (l,oo), 

F:={xeX: M^(.,i„)(/o)(x) < ^} and n := = {x e X : M^(.,,„)(/o)(x) > 

By [9, Chapter III, Theorem 1.3], we know that there exists a collection of balls, {-Bi_i}jgN, 
satisfying that 

(i) UiBi^i = n; 

(ii) each point of is contained in at most a finite number L of the balls Bi^f, 

(iii) there exists C G (1, oo) such that CBi^i n F 7^ for each i. 
Prom (i), we deduce that, for any x G B\{UiBi^i), 

\f{x) - AtJix)\ = \fo{x)\xF{x) < M^(.,,„)(/o)(x)xf(x) < p. 

By the fact that M^(^.^^^^ is of weak type (1,1), (i), (ii) and (4.20), we conclude that there 
exists a positive constant C3 such that 

(4.21) ^<^(Si,i,io) < L^{n,to) < -^||/o||l1(;^) < j^{B,to)- 

i 

For any Bi^iCiB / 0, we denote hy Bi i := B{xBj^i,rBii) the ball centered at xb-^ ,. G X 
and of radius rs^ ^ G (0, 00). Notice that d{xB,XBi J < Ci{rB + tb^ J- fB < vbi i-, then 
d{xB,XBT,^i) < "^CiTBi^i- By Lemma 2.12(ii), (2.6), Lemma 2.12(i), (2.4), (4.21) and some 
estimates similar to those used in (4.7), we know that there exists a positive constant C3 
such that 



V>{B,to)<^(^) " ipiB,to), 

which further implies that, when /3 > C3, it holds true rs > rs^.. We now choose 

/? > C3 and hence > rsj^- By this, together with Lemma 2.12(i), (2.4), (2.2), (4.21), 
d{xB,XBii) < 2C\rB and some estimates similar to those used in (4.8), we find that there 
exists a positive constant C4 such that 

(4.22) ^^B,to)<^-^[^] v{B,to). 

We further choose 

(4.23) p > max{^3, C4(10Ci)2'*^'i, 4^1036}, 

where 1/pi + 1/p'i = 1- Then, from (4.22), we deduce that > WCiTBi ^ which, together 
with (2.1), implies that, for any Si,, fl S 7^ 0, Bi^i C 2CiB. 
Now we prove (i) and (ii) separately. 

(i) When if G Ai(A'), we claim that there exists a positive constant C5 such that, for 
any Bi^i n i? 7^ and almost every x G 

(4.24) 
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Indeed, when (p G Ai(A'), by Definition 2.6, for any ball B d X and t G (0, oo), we see 
that _ 

^^^^ = !^{x,t)dn{x) < essinf ip{y,t). 

fl{B) fi[B) Jb ydB 

Then, we obtain (4.24) by a procedure similar to that used in the estimates for (4.9). 
Let h := cs/?. Then, for any A G (0, oo), we find that 

(4.25) LeB: m^i£^>A + 6j 

^U{"ft..^ — ^) — >a|. 

For any A G (0,oo), we define o-/,b(A) := ^{{x G B : '"^^'"''"(f ^t"/^""^' > A}, to) and 

supscBo (^(B,to) ' ('^■25), we know that, for any A G (0, oo), (T/_b(A+6) < 

F/(A)/x(Si^j), which, together with (4.21) and (4.23), implies that, for any A G (0, oo), 

Ffi\ + b)<^Ff{X)<e-'FfiX). 

By induction, we know that, for all n G N, Ff{nb) < e^~". Thus, for any n G N and 
A G [nb, (n + 1)6), by the fact that Ff is non- increasing, we conclude that 



(4.26) F/(A) < Ff{nb) < e^"" < e^'T. 

Notice that F/(A) < 1. It is obvious that (4.26) holds true for A G [1,6). Thus, (4.18) 
always holds true, which completes the proof of Theorem 4.9(i). 

(ii) In this case, by Assumption A and p{ip) < 1 + ^^.^^-^j, , we see that there exist n G 
[no,oo), G [A^OiOo), a G [0, qq], Pi £ [p(99),oo), p G {0,i{(p)] and q G {l,r{Lp)] such that 
X satisfies (2.2), (2.4) and (2.6), respectively, for n, N and a, e Ap^{X), ip is of uniformly 

lower type p, if £ MMg(Af), pi-l-3^<0 and M>n+^ + N- ^^^^ - a > npi. 

We claim that there exists a positive constant C5 such that, for any Bi^i n B $ and 
almost every x G -Bi,i, 

(4 27) \Ats,Ji^)-Atsf{x)\ ^ ZMB^,„to) 



(p{x,to) (p{x,to)iJ.{Bi^i) 
Indeed, from Assumption A, it follows that, for almost every x e X, 

(4.28) A^^ Jix) - AtJ{x) = A,^^ . if - A^f ){x) + .+,^)/(x) - AJ{x) 
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By some estimates similar to those used in the proof of Proposition 3.8 (see (3.14), 
(3.15) and (3.16)), (4.17), Lemma 2.12(i), (2.13) and pi - 1 - 2^ < 0, we find that, for 
almost every x G -Bi^j, 



(4.29) A^,^^,^^^^f{x)-At,f{x) 



< 



BMO^(A') 



^ KB) WXBohfiX) 



< 



0) 



LM(5i,i) 



pi 



^ '/?(-Bi,i,to) 



KB) WxBoh'fiiX) 



KBo 



KBi,i)j 



Prom this and (4.28), it follows that, to prove (4.27), we only need to show that, for almost 
every x G Bi^i, 

Following the estimates same as those used in (4.12), we still divide \Atg_^ . (f — Atgf){x)\ 
into two parts I and II same as in (4.12). 

By M > n + npi — a and some estimates similar to those used in (4.13) and (4.14), we 
know that I < ^^^^f^py^j the details being omitted. 

By M > n + + — — a > npi and the arguments similar to those used in 

the estimate II of Theorem 4.2, we obtain II < ^^^^f^, the details being omitted again. 
Thus, (4.27) holds true. 

For A G (0,oo), we write 



(4.30) 



ip{x,to) 

f( \fix)-A,^J{x)\ x\ 

r \At,^Jix)-At,f{x)\ x' 
U^^^^- ' .(.,.0) ^2 



By Lemma 4.8 and (4.27), we know that there exists a positive constant ce such that, 
for any A G (0, oo), 

/f K.,,/(x)-^,,/(x)| a1 \ 



<ipi{xeB: 



1 \ X^l{B^,^ 



(fix, to 



225/3<^(5i,i,to) 



I to 
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Pi 



We also define af^sW '■= fii^ G -B 



\f{x)-Atsf{x)\ 

- sup •" 



> X},to) and 



Then, from (4.30), (4.31) and (4.21), it follows that, for any A G (0,oo) 



^/,b(A)< 



/3 



< 



£3 



+ C6 



^2^(^1,1, to) 



which, together with (4.23), implies that there exists a positive constant cy such that, for 

any A G (0, oo), F/(A) < 4PiF/(|) + cr\-Pi. 

By induction, we see that, for all m G Z_|_ and A € (cy, 2C7], 

F/(2"^A) < (2c7)Pi(2"^A)-^''i 

which implies that (4.19) holds true and hence completes the proof of Theorem 4.9. □ 

Remark 4.10. (i) Theorem 4.9(i) completely covers [17, Theorem 3.1] and [45, Theorem 
3.1], respectively, by taking (p, respectively, as in (1.1) and (1.2). Moreover, Theorem 
4.9(i) completely covers [6, Theorem 3.6] by taking f as in (1.3). 

(ii) Theorem 4.9 (ii) is new even when ip is as in (1.4). 

(iii) Let if be as in Definition 2.7 and satisfy (4.1). Ii (p E Ai{X), then (4.15) can be 
deduced from (4.2). 

Indeed, assume that / G BMO^(A') and (4.2) holds true. Then, by G Ai(A'), we see 
that, for any ball B C X and t G (0, 00), ^^j^y < essinf -rg^ ¥'(ic,i), which, together with 
(4.2), implies that 



^\[ ' fix,\\XB\\ll^;^)) j 

<^(^f^xeB: \f{x)-At,f{x)\> 

C2A 



^v{^,\\xb\\lI(^x)) 



< 



fj.{B) exp 



\Xb\\lv{X)\\J\\bMO'^{X) 



where C2 is as in (4.2). This, together with Lemma 2.12(ii), implies that (4.15) holds true. 

However, when ip ^ Ai{X), the relationship between Theorems 4.2 and 4.9 is still 
unclear. 
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Now, we introduce the space BMO^ (A') for p € [1, oo). 

Definition 4.11. Let X he a space of homogeneous type, (p as in Definition 2.7, 

as in (3.3) and {At}t>o a generalized approximation to the identity satisfying (3.4) and 

(3.5). Let p e [l,oo). The space BMO^'^(Af) is defined as the set of all / G M^X) such 
that 



sup 



BMOa (X) bgX \\Xb\\lv(X) 

< oo, 



f{x)-AtJ{x) " 



where the supremum is taken over all balls B in X , ts '■= and re denotes the radius 
of the ball B. 

By Theorem 4.9, we obtain the following conclusion. 

Theorem 4.12. Let X be a space of homogeneous type with degree {aQ,nQ, Nq), where 
ao, riQ and Nq are as in (2.7), (2.3) and (2.5), respectively, (p as in Definition 2.7 and 
{At}i^Q satisfy Assumption A. 

(i) Assume that if G Ai(X). For different p G [l,oo), the spaces BMO^ {X) coincide 
with equivalent norms. 

(ii) Assume that p{ip) < 1 + [ r(^) ] ' > 'where p{ip) and r{ip) are, respectively, as in (2.9) 

and (2.10). For different p G [1, [p((^)]'), the spaces BMO^ {X) coincide with equivalent 
norms. 

— — ^ — ^f,p ^ 

Proof. For any / G BMO^ {X) with p G [l,oo), by Holder's inequality and some esti- 
mates similar to those used in the proof of Theorem 4.6, we see that / G BMO^(-%') and 

II/IIbmo^W < ll-^llg^^^-^(;t')' details being omitted. 

Conversely, let / G BMO|^(A'). Now we prove (i) and (ii) separately. 

(i) In this case, 93 G Ki{X). From this. Theorem 4.9(i) and some estimates sim- 

ilar to those used in the proof of Theorem 4.6, it follows that / G BMO^ (Af) and 
ll/llf;^^'P.^^ ~ II/IIbmo^(a^)> the details being omitted. This finishes the proof of (i). 

riJVLO^ ^ 

(ii) In this case, let pG (1, [p((p)]')- By the definition of p((^), we see that G k.y\X). 
Moreover, let pi G (p(<^),p^). Then, 99 G kp^{X) andp < [p((^)]'. By Theorem 4.9(ii), 
we find that, for any B C X and t G (0, 00), 



f{x)-At^f{x' 



{x,\\xb\\l1^x)) '^f^i^) 



cp{x,\\xb\\l1^x)) 

Jo V I ^fixAlXBh^^x)) J ^ 7 
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Cl/»'i||xB||i,= (^)||/|lBMO^W ^ , 



'0 



"xb||l'^(a')I|/IIbmo^(a') 



roo _ , 



which imphes that / G BMO^ (Af) and \\f\\s-r^v,P,^, ^ ll/llsMO'^mi and hence com- 
pletes the proof of Theorem 4.12. □ 

Remark 4.13. (i) It is easy to see that, when ip{x, t) := t^, with s G (0, 1], for all x e X 

and t G [0, oo), the spaces BMO^'^(A') and BMO^'^{X), with p£ [1, oo), arc same. Thus, 
Theorem 4.12 also completely covers [17, Theorem 3.4] and [45, Theorem 3.4] by taking 
if, respectively, as in (1.1) and (1.2). 

(ii) Theorem 4.12 is new even when ip is as in (1.4). 

5 Equivalence of BMC^CR^) and BMO^(R") 

In this section, by the (/5-Carleson measure characterization of BMC'(M") established 
in [22], the boundedness of the classical Littlewood-Paley (7- function on L'^(W'), and the 
John-Nirenberg inequality obtained in Theorems 4.2 or 4.9, we show that, when X := M", 
the new Musiclak-Orlicz BMO-type space BMOy^(M"'), associated with {At}t>o given 
by the Poisson kernel, is equivalent to the Musielak-Orlicz BMO-type space BMO'''(IR") 
introduced by Ky [28]. We begin with some notions. 

Let A := — Y17=i denote the Laplace operator on R" and {e~*^}t>o be the corre- 
sponding Poisson semigroup. Observe that, if / is a function belonging to the set 

M^{X) := {/ G LL(M") : /(.x)(l + \xr+')-' G L^M")}, 

then we can define the generalized approximation to the identity {^t}t>o by the Poisson 
integral as follows: for all t G (0, 00) and x G M", 

Atfix) := Ptf{x) := / pt{x - y)f{y) dy, 

where, for all t G (0, 00) and x G W^, 

In this case, we have the following assumption for ip. 

Assumption B. Let (p be as in Definition 2.7 and satisfy 

"^npjip) _ n[r((^) - 1] ^ ^ ^ 
i{(p) r{(p) 

wheie p{ip) , i{ip) and r{ip) are, respectively, as in (2.9), (2.8) and (2.10). □ 
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Remark 5.1. Prom Assumption B, we deduce that the Poisson kernel satisfies the As- 
sumption A and that p{ip) < 1 + j^^^^y Theorem 4.9(ii) automatically holds true. 
Moreover, m in (3.4) and (3.5) is equal to 1. Then, it is easy to see that {Pt}t>o satisfies 
(3.4), (3.5) and (3.22). 

Por any / G i7(R") with p G [l,oo], PJ = e"*^/. We use BMO^(R") to denote 

space associated with the Poisson semigroup {e *^^}t>o- 
Now, we recall the </?-Carleson measure introduced in [22]. 

Definition 5.2. Let (p be as in Definition 2.7. A measure dfx on R!;:+^ is called a (p- 
Carleson measure, if 

1^11/2 r r ^1/2 

\\dn\\^:= sup li li <^ l\diJ.{x,t)\} < oo, 

scM" IIXb||z,¥'{M") {Jb } 

where the supremum is taken over all balls B C M", 

B := {{x, t) G Rl+^ : xEB, te{0, vb)} 

and Vb denotes the radius of the ball B. 

Let (f) G iS(M") be a radial real- valued function satisfying that 

/ (f){x)x'^ dx = 

for all 7 G Z!|: with |7| < s, where s G Z+, s > ln\p{ip)/i{(p) - 1]J and, for all ^ G \ {0}, 

(5.1) J^^\m)\'j = i, 

where (p denotes the Fourier transform of 0. 

The following </?-Carleson measure characterization of BMO'''(R'^) is just [22, Theorem 
5.3]. 

Lemma 5.3. Let f be as in Definitions 2.7 and (p as above. 

(i) Assume that b G BMO'^(R") and q{ip)[r{ip)]' G (1,2). Then 

dtJ,{x,t) := \(f)t * 6(x)|^^^ 

is a (f-Carleson measure on R""*"^; moreover, there exists a positive constant C , indepen- 
dent of b, such that \\dfu,\\ip < C||^||bmo'^(R")- 

(ii) Assume that np{(p) < {n + l)i{(p). Let b G Lf^^ (M") and, for all {x,t) G R"+^, 
dfi{x,t) := \(t)t * b{x)\^ be a ip-Carleson measure on R^^'^. Then b G BMO^(R'*) and, 
moreover, there exists a positive constant C , independent of b, such that ||fe||BMO'^(iR") ^ 
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Remark 5.4. Actually, if we replace p(<^)[r(<p)]' G (1,2) by (4.1), then Lemma 5.3(i) still 
holds true. To this end, we need to use a John-Nirenberg inequality on BMO'^(M"') similar 
to Theorem 4.2, which further leads to Lemma 5.3(i) with the assumption p(</')[?"(<^)]' € 
(1,2) replaced by (4.1). In this way, (4.1) is needed. We omit the details. 



The main result of this section is as follows. Recall that the space IC^^(W 
as in Remark 3.4(i) with A and X replaced, respectively, by {e~^^}t>o and 



is defined 



Theorem 5.5. Let ip satisfy Assumption B. 

(i) If if additionally satisfies (4.1) or p{(p)[r((p)]' G (1,2), where p(ip) and r{(p) are, 
respectively, as in (2.9) and (2.10), then, for any f G BMOy^(M"), 



t^^P,{X-Pt)f{x] 



dxdt 



is a Lp-Carleson measure on R""*"^. 

(ii) Assume further that np{ip) < (n + l)i((^), where i[ip) is as in (2.8). Then the spaces 
BMO^(M") and BMO^(]R") {modulo /Cy^(R")) coincide with equivalent norms. 

Proof. To prove (i), by Definition 5.2, it suffices to prove that, for any ball S C M", 



(5.2) 



\B\ 



\Xb\\lv( 



t^P,{I-P,)f(x] 



dxdt 



2 

BMO^(IR")- 



Let B := B{xB,rB). Recall that, in this case, m = 1, where m is as in (3.4) and (3.5). 
Thus, tB = TB- Notice that X-Pt = {X- Pt){X - Ptg) + {X - Pt)PtB- Then, we have 



(5.3) t^^Pt{T - Pt) = t^Ptil - Pt){I -Pts) + t^^Ptil - Pt)Pts 

d d 

= t-Q-^m-Pt)i^-Pts) + tj^P[2t+ts)/2{Pts/2 - Pi2t+tB)/2). 



dt 



(5.4) 

and 
(5.5) 



Once we prove that 

\B\ 



t^^P^{X-Pt){X-Pt,)f{x] 



dxdt 



2 

BMO;^(K") 



\B\ 



\XB\\\.ft 



d 



t-Q^P{2t+tB)/2{PtB/2 - P{2t+tB)/2)f{x) 



dxdt 



BMO^(]R")' 



by (5.3), we then conclude that (5.2) holds true, which is obvious. 

To show (5.4) and (5.5), we borrow some ideas from [17, pp. 1393-1395]. 
It is easy to see that, for any / G Up>ii7(M"), 



t^Pt{X-Pt)f{x] 



dt 
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is the Littlewood-Paley ^-function. By [26, p. 80], we know that g is bounded on L^(M"). 

Let bi := {I — Ptg)fx2B and 62 := (2^ — -fts)/X(2B)C- If f satisfies (4.1), by Proposition 
3.7, Theorem 4.6, (2.12), (2.13) and the boundedness of g on L2(M"), we find that 



(5.6) 



I-BI 



\B 



dxdt 



< 



< 



< 



\B\ 

U,„||2 

\B\ 

\xb\\%( 



-I 



I5I 



L2(K") 



IIXs|li¥.(Kn) J2B 

-If \{X-Pt,,)f{x)\''dx 

n\ K.J2B 



dxdt 
t 

I(X- 



Pt^)f{x)\^dx 



+ 



2B 



IXB{a;,rs)llL¥'(R") 

[bi 



BMO^C 



Imo^C 



If p(93)[r(v?)]' G (1,2), we sec that [p{ip)]' > 2 and r{ip) > 



2(b(y)r-i) 

[pM]'-2 ■ 



From this and 



the definition of r^Lp), wc deduce that there exists p G (2, [p((^)]') such that r{Lp) > ^'-^""^^ 
and hence tp G l^lHl2(p_i)/(p_2)( 
conclude that 



p~2 

). By this. Holder's inequality and Theorem 4.12, we 



(5.7) 



23 



{I-Pt,,)f{x)\'dx 



J 

J2B 



{I-Pt,,)f{x) 



^{X, \\X2b\\l\^u) 

{X-Pt,,)f{x) 



2(P-1) 

^ dx 



2B 



V [X, ||X2B||i<^(Kn) 



dx 




^ [X, \\X2B\\lv{W-)^ 



2(P-1) 
p-2 



dx 



BMO^( 



IX-B|lL¥>(Mn) 



BMO;^(M")- 



On the other hand, by Assumption B, we see that there exist pi G [p{^), 00), p G (0, i{'p)\ 
and q G (l,r((/?)] such that (/? G Ap^(^), </? is of uniformly lower type p, if & WM.q{X) and 
2^ — < n + 1. Prom this, we further deduce that n < ^ < n + 1, which implies 



that ^ - n - 1< and ^ - 

p p - 



- n - 1< 0. 



For any x e B and y G {2B)^, it holds true that \x 



\n+l 



> r 



n+l 



together with Proposition 3.7, (2.12), (2.13), ^ 



- n - 1 < 0, 



2npi _ n(g— 1) 



v.n+1 



This, 



-n- 1 < 



p 9 

and some estimates similar to those used in the proof of Proposition 3.9, implies that 
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< 



\B\ 



I 



IIxb||l^(R") Jr"\2B (i^ + \x- y|"+i) 



1(1 -Pt,)fiy)\dy 



{X-Pt,)f{v)\ 



]n+l 



dy 



< 



f.n+1 
^B 



tBj y IIxb||l'^(K") 
\Pt,,+,J{y)-Ptsf{y)\ 



k=l "'2'=+lS\2'=B 



\x-y\ 



n+1 



< 



IIX2'=+1bIIl*'(M") 



dy 



k=l 



2^('^+^)||XB||LnK") 

\\XB{y,tB)\\L'P(K") 



dy 



II/IIbmo^(M" 



< 



2npi n(q—l) 



-n-1) 



k=l 



BMO;^(E") 



II/IIbMO^(IR")- 



From this, we further deduce that 
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WXBf 



^^(M") JB 
1 



dxdt 



\B\JB 
|2 



B\ d 



WxbWl^ dt 



t-Pt{i - PtMx] 



dxdt 



< 



BMO|^(R") 



tdxdt< ||/|||mo;^(K")- 



By this and (5.6) or (5.7), we conclude that (5.4) holds true. 

Now we prove (5.5). For any t G (0, r^), it follows, from Proposition 3.7, that, for any 
X e M", 



(5-8) \Pt^/2f{x) - P(2t+tB)/2f{x)\ < ^^^^\B{x7B/2)r^ ll/ llBMO:^(R")- 



Moreover, it is easy to show that the kernel kt^tB of the operator Tt^t^ = t-^P^2t+tB)/2 
satisfies that, for all a;,y G M", 



\h,tBix,y)\ 



tB 



tBj + 



By this and (5.8), similar to the proof of (5.4), we see that 



\B\ 



WXBf 



LfiRn-j JB 



d 



t-Q^P{2t+tB)/2{PtB/2 - P{2t+tB)/2)f{a 



dxdt 
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< ^ 



ti\B\ 



B 



B 



\B\ 



tB 



j.n+1 
^B 



+ \x- 



\{PtB/2 - P{2t+tB)/2)f{y)\ dy 



dxdt 



< 



2 

BMO 



tilBl 



t dxdt < 



n t 



n+1 



tB 

+ \x -y 



n+1 



\{PtB/2 - P{2t+tB)/2)f{y)\dy 



dxdt 



BMO^C 



which imphes that (5.5) holds true and hence completes the proof of (i) 
Now we prove (ii). From Proposition 3.5, it follows that BMO'^(M") 



C BMO^( 



Thus, we only need to prove the reverse inclusion. For any / G BMO^(IR"), by (i), we 

see that \t§^PtiI - Pt)fix)\'^ ^ is a y^-Carleson measure on M![.+\ Let ^t(-) := 
be the kernel of the operator t-^Pt{I — Pt). Then, 4> satisfies that 



/ 



(x) dx = and 



dt 



TT 



for all ^ G \ {0}. Notice that the condition |^(tOPf = ^ ^ G M'^ \ {0} in 

(5.1) can be replaced by \4>{tO\'^T ~ ^ ^ G \ {0}, where c is some positive 

constant (sec [22]). Then, from Lemma 5.3(ii) and the conclusion of (i), wc deduce that 



/ G BMO^(R'*) and 
5.5. 



BMO'^(R") 



< 



BMO^( 



) , which completes the proof of Theorem 

□ 



Remark 5.6. Theorem 5.5 completely covers [17, Theorem 2.14] by taking ip as in (1.1) 
with X replaced by M". Moreover, Theorem 5.5 is also new even when ip is as in (1.2) 
with X replaced by 



Next, we consider the space BMO^(M") associated with the generalized approximation 
to the identity {^t}t>o acting on the function / which satisfies that 



|/(a;)|e-l^ldx < 



oo. 



Here, the generalized approximation to the identity {^t}t>o is given by setting, for all 
t G (0,oo) and x G W, 



At fix) := Htfix) := [ ht{x - y)f{y)dy 



and, for all x, y G 



ht{x - y) :-- 



1 



-\x-y\y4t 



(47rt)"/2 

It is easy to see that {Ht}t>o satisfies (3.4) and (3.5). Notice that, for any / G LP{W^) 
with p G [l,oo], Htf = e"*^/. Then, as above, we use BMO^(R'') to denote BMO^(M") 
associated with the heat semigroup {e^*^}t>o. By making some minor modifications on 
the proof of Theorem 5.5, we obtain the following theorem, the details being omitted. 
Recall that the space /Ca(IK") is defined as in Remark 3.4(i) with A and X replaced. 



respectively, by {e 



-tA 



}t>o and 
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Theorem 5.7. Let ip be as in Definition 2.7 and satisfy np{ip) < (n + l)i{(p), where 
p{ip) and i{ip) are, respectively, as in (2.9) and (2.8). If ip additionally satisfies (4.1) or 
p{ip)[r{ip)]' G (1, 2), where r{ip) is as in (2.10), then the spaces BMO'^(M'') and BMO^(M'') 
(modulo /Ca(IR"')) coincide with equivalent norms. 

By Theorems 3.12, 3.15, 5.5 and 5.7, we finally obtain the following conclusion. 

Corollary 5.8. Let (p be as in Definition 2.7 and satisfy np{(p) < (n + l)^(<^) and 

'^np{ip) _ n[r{^) - 1] ^ ^ _^ ^ 
i{<p) r{(p) 

where n, p{ip), N, r{}p) and a are, respectively, as in (2.2), (2.9), (2.8), (2.4), (2.10) 
and (2.6). If ip additionally satisfies (4.1) or p((^)[r((^)]' G (1,2), then the spaces 

BMO^(M'"), BMO^(M"), BMO^ max^^")' Smo!^(M''), BM0^(M"), 
BMO^ max(^") ^'^^ BMOa(M"') coincide with equivalent norms. 

Remark 5.9. We point out that Theorem 5.7 and Corollary 5.8 completely cover [17, 
Theorem 2.15 and Corollary 2.16] by taking ip, respectively, as in (1.1) and (1.2) with X 
replaced by M". 
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